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ALGEBRAIC GAMMA MONOMIALS AND
DOUBLE COVERINGS OF CYCLOTOMIC FIELDS

PINAKI DAS

Abstract. We investigate the properties of algebraic gamma monomials—
that is, algebraic numbers which are expressible as monomials in special values
of the classical gamma function. Recently Anderson has constructed a double
complex SK, to compute H∗(±,U), where U is the universal ordinary distri-
bution. We use the double complex to deduce explicit formulae for algebraic
gamma monomials. We provide simple proofs of some previously known re-
sults of Deligne on algebraic gamma monomials. Deligne used the theory of
Hodge cycles for his results. By contrast, our proofs are constructive and rela-
tively elementary. Given a Galois extension K/F , we define a double covering

of K/F to be an extension K̃/K of degree ≤ 2, such that K̃/F is Galois. We
demonstrate that each class a ∈ H2(±,U) gives rise to a double covering of

Q(ζ∞)/Q, by Q(ζ∞,
√

sin a)/Q(ζ∞). When a lifts a canonical basis element
indexed by two odd primes, we show that this double covering can be non-
abelian. However, if a represents any of the canonical basis classes indexed
by an odd squarefree positive integer divisible by at least four primes, then
the Galois group of Q(ζ∞,

√
sin a)/Q is abelian and hence

√
sin a ∈ Q(ζ∞).

The
√

sin a may very well be a new supply of abelian units. The relevance
of these units to the unit index formula for cyclotomic fields calls for further
investigations.

1. Introduction

In this paper we investigate the properties of algebraic gamma monomials—
that is, algebraic numbers which are expressible as monomials in special values of
the classical gamma function. The classical gamma function satisfies the following
well-known functional equations:

Γ(s+ 1) = sΓ(s),(1)

Γ(s)Γ(1− s) =
π

sinπs
,(2)

(2π)
n−1

2 n
1
2−sΓ(s) =

n−1∏
i=0

Γ(
s+ i

n
).(3)

These functional equations can be used to show that various products of special
values of the gamma function are algebraic. For example, (3) tells us that the
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gamma monomial
Γ(2/15)Γ(5/15)Γ(8/15)Γ(11/15)Γ(14/15)

Γ(2/3)Γ(1/2)4 = 4 · 5−1/6

is algebraic. However, algebraic gamma monomials also arise in more subtle ways—
that is, not as “ Z-linear combinations of (1), (2) and (3)”. For example,

Γ(1/3)Γ(2/15)
Γ(4/15)Γ(1/5)

= 31/55−1/12

√
sin(4π/15) sin(π/5)
sin(π/3) sin(2π/15)

.

In fact the square of the above relation is a Z-linear combination of (1), (2) and (3).
In the sequel we will describe a method for generating such monomial relations.
First we give a quick tour of the research that has been conducted in this area.
Details will appear later in the sequel.

Koblitz - Ogus. Let A be the free abelian group generated by symbols of the
form [a], where a ∈ Q/Z. Let a =

∑
mi [ai] ∈ A . We write

Γ(a) =
∏

i : ai 6≡0

( √
2π

Γ(〈ai〉)

)mi
.

Here 〈ai〉 is the smallest positive rational number representing the class of ai in Q/Z.
Koblitz and Ogus [4] have shown that Γ(a) is algebraic if

∑
mi〈ai〉 =

∑
mi〈tai〉 for

all t ∈ (Z/fZ)×, where f is the lcm of the denominators of the 〈ai〉 (the 〈ai〉 are in
their lowest terms). The converse of this is a major unsolved conjecture (Rohrlich’s
conjecture) in transcendental number theory.

Sinnott, Kubert. Building on Sinnott’s ideas from [8], Kubert [5, 6] computed
H∗(±,U), where U is the universal ordinary distribution (see Section 2 for the def-
inition). Kubert showed that H2(±,U) can be identified with the torsion subgroup
of U−, where U− is the universal odd distribution. It follows from Kubert’s result
that a ∈ H2(±,U) if and only if a satisfies the Koblitz and Ogus internal sum
criterion given above. In particular, if a ∈ H2(±,U), then Γ(a) is algebraic.

Deligne (connections with algebraic and arithmetic geometry). Any a ∈
H2(±,U) which is “effective and integral” gives rise to a Hodge cycle on a Fermat
hypersurface. Deligne [2, 3] showed that the Hodge cycle related to a is “absolutely
Hodge”. This led to the proof of Deligne’s reciprocity law which relates algebraic
gamma monomials and Jacobi sum Hecke characters.

Anderson’s double complex. Recently Anderson [1] has constructed a double
complex SK such that H0 and H1 of the total complex Tot(SK) can be identified
with H2(±,U) and H1(±,U) respectively. SK is generated as a free abelian group
by symbols of the form [a, g, n], where a ∈ Q/Z, g is a square-free, positive integer,
and n is any integer. The free abelian group SK is bigraded by declaring the
generator [a, g, n] to be of bidegree (m,n), where m is the number of prime factors
of g. Using the double complex, it is possible to define a canonical F2-basis for
H∗(±,U). In fact, the canonical F2-basis for H2(±,U) is indexed by squarefree
positive integers with an even number of prime divisors.

Summary of results. We begin by deducing certain homological results concern-
ing the structure of the double complex. We prescribe a “canonical lifting” proce-
dure for lifting generators to cycles representing non-trivial elements in H2(±,U).
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Using canonical lifting, we deduce explicit formulae for the algebraic gamma mono-
mials under consideration. Canonical lifting makes it possible, for example, to write
Maple codes for performing computations with algebraic gamma monomials.

We define sin a =
∏
i:ai 6≡0(2 sinπ〈ai〉)mi , where a =

∑
mi [ai] ∈ H2(±,U), with

notation as earlier. We show that (Γ(a))2f/(sin a)f is the square root of a rational
number, where f is the lcm of the denominators of the 〈ai〉. We assume that f
is odd for simplicity. (It should not be difficult to extend our results to the case
when 2 | f). Using the Koblitz-Ogus criterion, we show that the factorization of
this rational must possess an even number of primes congruent to 3 (mod 4). This
gives a simple proof (without the use of Hodge cycles) of the fact (due to Deligne
[2]) that Q(ζf ,Γ(a)) is a Kummer extension of Q(ζf ).

We deduce a necessary criterion for an element of A to be in H1(±,U), similar
in spirit to the Koblitz-Ogus criterion for elements in H2(±,U). Using this, we
are able to provide a simple proof of the fact (Deligne [2]) that Q(ζf ,Γ(a))/Q is
a Galois extension, and depends only on the class of a in H2(±,U). When a lifts
a canonical basis element indexed by two odd primes, this proof involves Gauss’
lemma, which appears in the proof of the quadratic reciprocity law. When a lifts a
canonical basis element generated by four or more odd primes, the proof relies on
our necessary criterion for H1(±,U).

Given a Galois extension K/F , we define a double covering of K/F to be
an extension K̃/K of degree ≤ 2, such that K̃/F is Galois. Thus we demon-
strate that each class in H2(±,U) gives rise to a double covering of Q(ζ∞)/Q,
by Q(ζ∞,

√
sin a)/Q(ζ∞). When a lifts a canonical basis element indexed by two

odd primes, we show that this double covering can be non-abelian. However, if a
represents any of the canonical basis classes indexed by an odd squarefree positive
integer divisible by at least four primes, then the Galois group of Q(ζ∞,

√
sin a)/Q

is abelian and hence
√

sin a ∈ Q(ζ∞). The proof of this uses mostly the tech-
niques and results described above. However, there is a crucial step which involves
Deligne’s reciprocity and hence relies on the theory of absolute Hodge cycles.

2. The universal ordinary distribution

We list the main features of ordinary distributions used in the sequel. For a
detailed discussion of these and other results, we refer to the papers by Kubert
[5, 6], and the texts by Lang [7] and Washington [9, chapter 12]. First, we make
the following definitions:

Definition 1. Let A be the free abelian group generated by symbols of the form
[a] , where a ∈ Q/Z. Let U be the quotient of A by the subgroup generated by all
elements of A of the form [a]−

∑
nb=a [b], where n is a positive integer and a ∈ Q/Z.

Define u : Q/Z → U to be the map induced by a 7→ [a] : Q/Z → A. Then u is the
universal ordinary distribution. By abuse of language, the group U itself is also
referred to as the universal ordinary distribution.

Definition 2. Let A be as above. Define U− to be the quotient of A by the
subgroup generated by all elements of A of the form [a]−

∑
nb=a [b], along with all

those of the form [a] + [−a], where n is a positive integer and a ∈ Q/Z. Define
u− : Q/Z → U− to be the map induced by a 7→ [a] : Q/Z → A. Then u− is the
universal odd distribution. By abuse of language, the group U− itself is also referred
to as the universal odd distribution.
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Similarly we define the universal even distribution U+ to be the quotient of A
by the subgroup generated by all elements of A of the form [a]−

∑
nb=a [b], along

with all those of the form [a]− [−a], where n is a positive integer and a ∈ Q/Z.

We note that the two-element group {±1} acts naturally on U, since the invo-
lution [a] 7→ [−a] : A → A descends to U. Building upon the work of Sinnott [8],
Kubert [5, 6] computed the cohomology groups H∗({±1},U). In the sequel we will
use ± to denote the two-element group and write the cohomology groups described
above as H∗(±,U). Kubert proved the following propositions:

Proposition 1. The universal ordinary distribution U is a free abelian group.

Proposition 2. One has the following canonical isomorphisms:

(Torsion)U− = H2(±,U) and (Torsion)U+ = H1(±,U).

Remark. Let c : U → U be the involution of U induced by the involution [a] 7→
[−a] : A → A. Then, it can be shown that the first canonical isomorphism in
Proposition 2 is explicitly given by

H2(±,U) =
ker(1− c : U→ U)
image(1 + c : U→ U)

⊆ U
image(1 + c : U→ U)

= U−.

Similar comments also apply to U+.

In the sequel we will often abuse notation and write

a =
∑

mi [ai] ∈ H2(±,U).

By this we precisely mean that a is first identified as an element of U, by taking
its image modulo the subgroup generated by all elements of A of the form [a] −∑
nb=a [b], along with all those of the form [a] + [−a]. This image of a in U is then

identified with an element of H2(±,U), with the help of the canonical isomorphism
described above. That is, the image of a in U, modulo image(1 + c : U → U),
lies in ker(1 − c : U → U). Similarly we will often abuse notation and write b =∑
ni [bi] ∈ H1(±,U). Finally, if a =

∑
mi [ai] ∈ H2(±,U), we may assume, for the

questions considered in this paper, that no ai is 0; precisely, if a′ is formed from
a by removing the terms for which [ai] = [0], then a′ also lies in H2(±,U) and
Γ(a) = Γ(a′).

3. The double complex SK

The results in this section are due to Anderson. We describe the main features
of the double complex that are used in the sequel. For more details we refer to
Anderson [1].

Let SK be the free abelian group generated by symbols of the form
[a, g, j] , where a ∈ Q/Z, and g and j are integers,

with g positive and squarefree.
(4)

We bigrade the free abelian group SK by requiring [a, g, j] to belong to the
bidegree (i, j) component SKi,j of SK, where i is the number of prime factors of g.

We also let Λ be the polynomial ring over Z in independent variables Xp indexed
by the prime numbers p. For all positive integers n, we define Xn ∈ Λ by

Xn =
∏
i

Xei
pi , where n =

∏
i

peii
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is the prime factorisation of n. Note that the collection

{Xn : n a positive integer}
forms a basis for Λ as a free abelian group.

We prescribe a Λ-module structure on SK, by defining

Xn [a, g, j] =
∑
nb=a

[b, g, j] ,

for all positive integers n, where [a, g, j] runs through the basis (4). It can be shown
that SKi,j is Λ-stable and free as a Λ-module.

We define a Λ-linear differential δ of bidegree (0,−1) by

δ [a, g, j] = (−1)i([a, g, j − 1]− (−1)j [−a, g, j − 1]),(5)

where [a, g, j] runs through the basis (4), and (i, j) is the bidegree of [a, g, j].
We also define a Λ-linear differential ∂ of bidegree (−1, 0) by

∂ [a, g, j] =
∑
p|g

ε(g, p)(1−Xp) [a, g/p, j] ,(6)

where [a, g, j] runs through the basis (4), and the sum is over all prime divisors p
of g. The term ε(g, p) is defined as follows. If the prime factorisation of g is

g = p1 . . . pm, with p1 < · · · < pm,

then we define
ε(g, p) = (−1)i, where p = pi for some i.

It can be shown from these definitions that δ2 = 0 and ∂2 = 0. Furthermore

∂δ = −δ∂, so that (∂ + δ)2 = 0.

We let Tot(SK) denote the total complex of SK, with the differential

(∂ + δ) : Totn(SK)→ Totn−1(SK),

of total degree −1. We will also write (SK, ∂ + δ) to denote the total complex of
SK with the differential described above.

We now define NSK to be the subgroup of SK generated by β(a, j) [a, g, j], where
[a, g, j] runs through the basis (4), and

β(a, j) = 2 if 2a = 0 and j is even,
= 1 otherwise.

It can be shown that NSK is both δ-stable and ∂-stable, and so (∂+δ)-stable, i.e.
∂NSK+ δNSK ⊆ NSK. Furthermore, it can be shown that NSK is (∂ + δ)-acyclic.
With notation as described above, Anderson proves the following theorems, which
we will use in the sequel.

First we let H0(SK, ∂) denote the edge complex derived from SK—that is, the
graded abelian group whose term in degree n is the cokernel of ∂ : SK1,n → SK0,n,
equipped with the differential induced by δ. Then H0(SK, ∂) is canonically isomor-
phic to the complex

. . .
1−c← U

degree 0

1+c← U
degree 1

1−c← . . . ,

where c : U→ U is the involution of U as discussed earlier. Thus H0(H0(SK, ∂), δ)
is canonically isomorphic to the torsion subgroup of U−. Using this, Anderson
derives the following isomorphisms:
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Theorem 1. There exist canonical isomorphisms

H2(±,U) = H0(H0(SK, ∂), δ)

= H0(SK, ∂ + δ) = H0(SK/NSK, ∂ + δ).

Similarly, for H1(±,U) we have the following:

Theorem 2. There exist canonical isomorphisms

H1(±,U) = H−1(H0(SK, ∂), δ)

= H−1(SK, ∂ + δ) = H−1(SK/NSK, ∂ + δ).

In fact Anderson showed that for, all positive integers i and i′ such that i′ ≡ i
mod 2, we have canonical isomorphisms Hi(±,U) = Hi′(SK, ∂ + δ), and therefore
H i(±,U) = Hi′(SK/NSK, ∂ + δ). Finally, the canonical F2-basis for H∗(±,U) is
constructed as follows:

Theorem 3. Given a squarefree positive integer g with i prime factors, we define
kg ∈ SKi,−i/NSKi,−i by

kg = [0, g,−i] , if g is odd and i is even,

= [0, g,−i− 1] , if g is odd and i is odd,

= [0, g,−i] + [1/2, g,−i] , if g is even and i is even,

= [0, g,−i− 1] + [1/2, g,−i− 1] , if g is even and i is odd.

Then the collection {kg}, for g ranging over squarefree positive integers with an
even number of prime factors, forms an F2-basis for H0(SK/NSK, ∂ + δ). On the
other hand, the collection {kg}, for g ranging over squarefree positive integers with
an odd number of prime factors, forms an F2-basis for H−1(SK/NSK, ∂ + δ).

Remark A. Theorem 3, along with the isomorphisms from Theorems 1 and 2, makes
the double complex a very useful tool. For computational purposes, these results
imply that cycles in SK lift classes belonging to the torsion subgroup of U±. This
is illustrated in Section 9, where, given distinct odd primes p and q, with p < q,
we lift the generator kpq = [0, pq,−2] ∈ SK2,−2/NSK2,−2 to a (∂ + δ)-cycle in SK.
From the bidegree (0, 0)-component of the lifted cycle, we read off the element apq
belonging to the torsion subgroup of U−.

Remark B. Given a positive integer f , let SK(f) be the subgroup of SK generated
by all symbols of the form [a, g, j], where a ∈ g

f Z/Z, j is any integer, and g is a

squarefree positive integer dividing f . Also let NSK(f) = NSK ∩ SK(f), and let
A(f) be the subgroup of A generated by symbols of the form [a], where a ∈ 1

f Z/Z.
Let U(f) be the quotient of A(f) by the subgroup generated by all elements of A(f)

of the form [a]−
∑
pb=a [b], where p is a prime number dividing f and a ∈ p

f Z/Z.
Then it can be shown that there exist canonical isomorphisms

H2(±,U(f)) = H0(H0(SK(f), ∂), δ)

= H0(SK(f), ∂ + δ) = H0(SK(f)/NSK(f), ∂ + δ),

H1(±,U(f)) = H−1(H0(SK(f), ∂), δ)

= H−1(SK(f), ∂ + δ) = H−1(SK(f)/NSK(f), ∂ + δ).
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Since direct limits commute with homology, by taking direct limits over the set
of all odd integers we have the following canonical isomorphisms:

H2(±,U(odd)) = H0(H0(SK(odd), ∂), δ)

= H0(SK(odd), ∂ + δ) = H0(SK(odd)/NSK(odd), ∂ + δ),

H1(±,U(odd)) = H−1(H0(SK(odd), ∂), δ)

= H−1(SK(odd), ∂ + δ) = H−1(SK(odd)/NSK(odd), ∂ + δ),

where SK(odd) is the subgroup of SK generated by all symbols of the form [a, g, j],
where j is any integer, g is odd, positive and squarefree, and a ∈ Q/Z, with the
denominator of 〈a〉 odd. The symbols NSK(odd) and U(odd) are defined similarly.
In the sequel we will often consider the following situation:

Let a =
∑
mi [ai] ∈ H2(±,U), and let f be the lcm of the denominators of the

〈ai〉. For simplicity we will assume that f is odd. Let C be a cycle in SK such that

C =
⊕
i+j=0

Ci,j , with C0,0 =
∑

mi [ai, 1, 0] and (∂ + δ)C = 0.

With this hypothesis, the above discussion shows that we may assume that C is a
cycle in the subcomplex SK(odd) of the double complex SK.

4. Some homological results for the double complex SK

In this section, we define a vertical shift operator S, acting on the double complex
SK. For all primes p, we also define a diagonal shift operator ∆p, acting on the
double complex SK. We compute the anticommutator of S with the differential
(∂ + δ) of the total complex. We also demonstrate that for each prime p, (∂ + δ)
commutes with ∆p. These results form the building blocks of our structure theorems
for algebraic gamma monomials.

Definition 3. We define the vertical shift operator S : SKm,n → SKm,n+1, by the
rule

S : [a, g, n] 7→ (−1)m [a, g, n+ 1] ,

where m = number of prime factors of g.

Note that S is Λ-linear and induces the map S : Totm+n(SK)→ Totm+n+1(SK).

Theorem 4. Let S be the vertical shift operator defined above. Let ∂ and δ be the
differentials for SK of bidegrees (−1, 0) and (0,−1) respectively (as defined earlier).
Note that ∂+ δ : Totm+n(SK)→ Totm+n−1(SK) is the differential of degree −1 for
the total complex of SK. Then the anticommutators of S with δ, ∂ and (∂ + δ) are
as follows:

δS + Sδ = 2, ∂S + S∂ = 0, (∂ + δ)S + S(∂ + δ) = 2.

Proof. It is enough to prove these relations for the operators in question acting on
any generator [a, g, n] ∈ SKm,n, where m is the number of prime factors of g. From
the definitions of δ and S we have

δS [a, g, n] = δ(−1)m [a, g, n+ 1]

= (−1)m(−1)m([a, g, n]− (−1)n+1 [−a, g, n])

= [a, g, n] + (−1)n [−a, g, n] .
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Similarly,

Sδ [a, g, n] = [a, g, n]− (−1)n [−a, g, n] .

It follows that δS + Sδ = 2. Next, from the definitions of ∂ and S we have:

∂S [a, g, n] = ∂(−1)m [a, g, n+ 1] = (−1)m
∑
p|g

ε(g, p)(1−Xp) [a, g/p, n+ 1] .

Similarly,

S∂ [a, g, n] = (−1)m−1
∑
p|g

ε(g, p)(1−Xp) [a, g/p, n+ 1] .

It follows that ∂S + S∂ = 0. The last relation is obvious.

Definition 4. Given any prime p, we define the diagonal shift operator ∆p :
SKm,n → SKm−1,n+2 by the following rule:

For any [a, g, n] ∈ SKm,n, where m is the number of prime factors of g, set

∆p : [a, g, n] 7→ 0, if p - g.

If p | g, then p = pr (say), where the prime factorisation of g is

g = p1p2 · · · pr · · · pm, with p1 < p2 < · · · < pr < · · · < pm.

In this case set

∆p : [a, g, n] 7→ (−1)n+m−r [a, g/p, n+ 2] .

Note that ∆p is Λ-linear and induces the map

∆p : Totm+n(SK)→ Totm+n+1(SK).

Theorem 5. For any prime p, let ∆p be the diagonal shift operator defined above.
Let ∂ and δ be the differentials for SK of bidegrees (−1, 0) and (0,−1) respectively
(as defined earlier). Note that ∂ + δ : Totm+n(SK)→ Totm+n−1(SK) is the differ-
ential of degree −1 for the total complex of SK. Then ∆p commutes with ∂, δ and
(∂ + δ), i.e.,

∂∆p = ∆p∂, δ∆p = ∆pδ, (∂ + δ)∆p = ∆p(∂ + δ).

Proof. It is enough to prove these relations for the operators in question acting
on any generator [a, g, n] ∈ SKm,n. The proof is obvious if p - g. If p | g, then
p = pr (say), where the prime factorisation of g is g = p1p2 · · · pr · · · pm, with
p1 < p2 < · · · < pr < · · · < pm. Then ∂∆p [a, g, n] = (−1)n+m−r∂ [a, g/p, n+ 2].
Therefore, from the definition of ∂,

∂∆p [a, g, n] = (−1)n+m−r
( r−1∑
i=1

(−1)i(1−Xpi) [a, g/pipr, n+ 2]

+
m∑

j=r+1

(−1)j−1(1−Xpj ) [a, g/pjpr, n+ 2]
)
.

(7)
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Again ∆p∂ [a, g, n] = ∆pr

∑m
i=1(−1)i(1−Xpi) [a, g/pi, n]. Therefore,

∆p∂ [a, g, n] = ∆pr

r−1∑
i=1

(−1)i(1−Xpi) [a, g/pi, n]

+ ∆pr (−1)r(1 −Xpr) [a, g/pr, n]

+ ∆pr

m∑
j=r+1

(−1)j(1−Xpj ) [a, g/pj, n] .

(8)

Hence from the definition of ∆pr , we have

∆p∂ [a, g, n] = (−1)n+m−1−(r−1)
r−1∑
i=1

(−1)i(1 −Xpi) [a, g/pipr, n+ 2]

+ 0(9)

+ (−1)n+m−1−r
m∑

j=r+1

(−1)j(1 −Xpj ) [a, g/pjpr, n+ 2] .

Comparing (7) and (9), we have ∂∆p = ∆p∂. Again,

δ∆p [a, g, n] = (−1)n+m−rδ [a, g/pr, n+ 2] .

Therefore,

δ∆p [a, g, n]

= (−1)n+m−r(−1)m−1

(
[a, g/pr, n+ 1]− (−1)n+2 [−a, g/pr, n+ 1]

)
.

(10)

Simplifying the above, we get

δ∆p [a, g, n]

= (−1)n+2m−r−1

(
[a, g/pr, n+ 1]− (−1)n [−a, g/pr, n+ 1]

)
.

(11)

Also ∆pδ [a, g, n] = ∆pr (−1)m([a, g, n− 1]− (−1)n [−a, g, n− 1]). Therefore,

∆pδ [a, g, n]

= (−1)m(−1)n−1+m−r
(

[a, g/pr, n+ 1]− (−1)n [−a, g/pr, n+ 1]
)
.

(12)

From (11) and (12) we have δ∆p = ∆pδ. The last relation is obvious.

5. The square of an algebraic gamma monomial

Given an element a ∈ A, we first define the gamma monomial and the sine
monomial corresponding to a, as follows:

Definition 5. Let a =
∑
mi [ai] ∈ A (mi ∈ Z, and ai ∈ Q/Z). We define the

corresponding gamma monomial to be

Γ(a) =
∏

i : ai 6≡0

( √
2π

Γ(〈ai〉)

)mi
,
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where 〈ai〉 is the smallest positive rational number representing the class of ai in
Q/Z.

Definition 6. With notation as above, the sine monomial corresponding to a is
defined to be

sin a =
∏

i : ai 6≡0

(2 sinπ〈ai〉)mi .

If
∑
mi [ai, gi, n] ∈ SKm,n, where m is the number of prime divisors of each

gi, we will often write Γ(
∑
mi [ai, gi, n]) to mean the algebraic gamma monomial

corresponding to a =
∑
mi [ai]. By sin(

∑
mi [ai, gi, n]) we mean the sine monomial

corresponding to a =
∑
mi [ai]. Using the above notation and the homological

results of the preceding section, our goal here is to derive an expression for the
square of an algebraic gamma monomial corresponding to some a ∈ H2(±,U). We
have the following:

Theorem 6. Let a =
∑
mi [ai] ∈ H2(±,U), and let f be the lcm of the denomi-

nators of the 〈ai〉. Then
Γ(a)2f =

√
r(sin a)f ,

where r ∈ Q.

Proof. From the definition of Γ(a) it follows that without loss of generality we may
assume that, for all i, ai 6≡ 0 mod Z. We know that a forms the bidegree (0, 0)
component of a cycle C in SK such that C =

⊕
i+j=0 Ci,j , C0,0 =

∑
mi [ai, 1, 0],

and (∂ + δ)C = 0. Let C1,−1 =
∑
ni [bi, pi,−1]. By Theorem 4,

(∂ + δ)SC + S(∂ + δ)C = 2C.

Since C is a cycle, (∂+ δ)SC = 2C. Therefore 2C0,0 = δSC0,0 + ∂SC1,−1. Observe
that Γ(2C0,0) = Γ(a)2.

Now from the definition of the differential ∂ and Gauss’ functional equation for
the classical gamma function, we have

Γ(∂S [bi, pi,−1]) = p
1/2−〈bi〉
i .

From the definition of the differential δ and Weierstrass’ functional equation for the
classical gamma function, we have

Γ(δS [ai, 1, 0]) = 2 sinπ〈ai〉.

It follows from these observations that

Γ(a)2 =
(∏

p
ni(1/2−〈bi〉)
i

)
sin a.

Therefore Γ(a)2f =
√
r(sin a)f , where r =

∏
p
ni(f−2f〈bi〉)
i is a rational number.

6. The Koblitz-Ogus criterion for elements in H2(±,U)

Let A be the free abelian group generated by the symbols [a], where a ∈ Q/Z.
Let a =

∑
mi [ai] ∈ A .

Definition 7. We define the internal sum of a as follows:

Internal Sum of a =
∑

mi〈ai〉.
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Let f be the lcm of the denominators of the ai, and let t ∈ (Z/fZ)×. (Equiva-
lently, let t be an integer relatively prime to the denominators of the ai.) Note that
(Z/fZ)× acts naturally by internal multiplication on the subgroup of A generated
by the symbols [a] such that a ∈ 1

f Z/Z.

Definition 8. We define at to be the image of a under internal multiplication by
t. Thus

at =
∑

mi [tai] .

The following theorem is due to Koblitz and Ogus:

Theorem 7. With notation as above, Γ(a) is algebraic if∑
mi〈ai〉 =

∑
mi〈tai〉 for all t ∈ (Z/fZ)×.

Remark. For a proof of this we refer to [4]. Note that the theorem says that any
a ∈ A gives rise to an algebraic gamma monomial if its internal sum is invariant
under the action of (Z/fZ)×. We will refer to this criterion for internal sums as the
Koblitz-Ogus criterion. We also mention that the converse of this theorem is a ma-
jor unsolved conjecture (Rohrlich’s conjecture) in transcendental number theory.
As mentioned earlier, Kubert (building on Sinnott’s ideas) computed H∗(±,U),
where U is the universal ordinary distribution. Kubert showed that H2(±,U) can
be identified with the torsion subgroup of U−, where U− is the universal odd dis-
tribution. The following theorem follows from Kubert’s result:

Theorem 8. With notation as above,

a ∈ H2(±,U)⇔
∑

mi〈ai〉 =
∑

mi〈tai〉

for all t ∈ (Z/fZ)×. In other words, a ∈ H2(±,U) if and only if a satisfies the
Koblitz-Ogus internal sum criterion.

Proof. For a proof of the sufficiency of the Koblitz-Ogus criterion in the above
statement, we refer to [4]. The necessity of the Koblitz-Ogus criterion follows easily
from the double complex. We sketch this below: Since a ∈ H2(±,U), therefore a
forms the bidegree (0, 0) component of a cycle C in SK such that C =

⊕
i+j=0 Ci,j ,

C0,0 =
∑
mi [ai, 1, 0], and (∂ + δ)C = 0. Write C1,−1 =

∑
ni [bi, pi,−1]. Let

t ∈ (Z/fZ)×, and let Ct =
⊕

i+j=0 C
t
i,j be the cycle obtained from C by internally

multiplying by t. Thus

Ct0,0 =
∑

mi [tai, 1, 0] and Ct1,−1 =
∑

ni [tbi, pi,−1] .

From the definition of ∂, we have

Internal sum of ∂C1,−1 = Internal sum of ∂Ct1,−1 =
∑

ni
pi − 1

2
.

From the definition of δ, we have

Internal sum of δC0,0 = 2
∑

mi〈ai〉 −
∑

mi,

Internal sum of δCt0,0 = 2
∑

mi〈tai〉 −
∑

mi.

Since δC0,0 = −∂C1,−1 and δCt0,0 = −∂Ct1,−1, we have
∑
mi〈ai〉 =

∑
mi〈tai〉.
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Remark. The following observation about internal multiplication of cycles will be
used often in the sequel. Let C and Ct be cycles in SK, as in the proof of Theorem 8
above. From Theorems 1 and 2, it follows that internal multiplication acts trivially
on cohomology. Therefore C −Ct is a boundary in SK. Hence there exists a chain
B in SK such that B =

⊕
i+j=1 Bi,j and (∂ + δ)B = C − Ct.

7. Kummer property of the extension Q(ζf ,Γ(a))/Q(ζf )

We first prove the following proposition, which is a consequence of the Koblitz-
Ogus criterion. The proposition itself will prove to be extremely useful for our
future results. Here we make use of it in proving that Q(ζf ,Γ(a)) is a Kummer
extension of Q(ζf ).

Notation. In the following i will be used both as a subscript and as a complex
number, and which it is will be clear from the context.

Proposition 3. Let a =
∑
mi [ai] ∈ H2(±,U), and let f be the lcm of the denom-

inators of the 〈ai〉. Assume that ai 6≡ 0 mod Z. Then

2
∑

mi〈ai〉 =
∑

mi.

Therefore if 2 - f , then
∑
mi ≡ 0 mod 2.

Proof. Internally multiplying by −1 and using the Koblitz-Ogus criterion, we have∑
mi〈ai〉 =

∑
mi(1 − 〈ai〉). Hence

∑
mi = 2

∑
mi〈ai〉. Obviously if 2 - f , then

2 |
∑
mi.

As a consequence of the above we have the following:

Proposition 4. Let a =
∑
mi [ai] ∈ H2(±,U) (ai 6≡ 0 mod Z), let f be the lcm

of the denominators of the 〈ai〉, and assume that f is odd. Let C be a cycle in SK
such that C =

⊕
i+j=0 Ci,j, with C0,0 =

∑
mi [ai, 1, 0] and (∂ + δ)C = 0. From

Remark B following Theorem 3 we may assume that C is a cycle in the subcomplex
SK(odd) of the double complex SK. Let

C1,−1 =
∑

ni [bi, pi,−1] +
∑

n′j
[
b′j, p

′
j ,−1

]
,

where pi ≡ 3 mod 4, p′j ≡ 1 mod 4. Then
∑
ni ≡ 0 mod 2.

Proof. We have δC0,0 + ∂C1,−1 = 0. Taking internal sums of both sides, we get

2
∑

mi〈ai〉 −
∑

mi +
∑

ni
pi − 1

2
+
∑

n′j
p′j − 1

2
= 0.

By Proposition 3 the first two terms cancel, and since pi−1
2 ≡ 1 mod 2 and

p′j−1

2 ≡
0 mod 2, we have

∑
ni ≡ 0 mod 2.

We are now ready to prove the following theorem of Deligne [3]:

Theorem 9. Let a =
∑
mi [ai] ∈ H2(±,U), let f be the lcm of the denominators

of the ai, and let f be odd. Then (Γ(a))2f ∈ Q(ζf ). Therefore, Q(ζf ,Γ(a)) is a
Kummer extension of Q(ζf ).

Proof. Recall that by definition

Γ(a) =
∏

i : ai 6≡0

( √
2π

Γ(〈ai〉)

)mi
.
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Therefore without loss of generality we may assume that, for all i, ai 6≡ 0 mod Z.
We use the same notation as in Proposition 4 above. As in the proof of Theorem
6, we have

Γ(a)2 =
(∏

p
ni(1/2−〈bi〉)
i

)(∏
p′j
n′j(1/2−〈b′j〉)

)
sin a.

Since the denominators of bi and b′j divide f , and since 2 - f , it follows that

Γ(a)2f = r
(∏

p
ni(1/2)
i

)(∏
p′j
n′j(1/2)

)
sin a,

where r is a rational number. Now
∑
mi is even, by Proposition 3. Hence sin a ∈

Q(ζf ). Also, each p′j
1/2 ∈ Q(ζf ), since p′j ≡ 1 mod 4. Furthermore each ipi

1/2 ∈
Q(ζf ), since pi ≡ 3 mod 4. By Proposition 4,

∑
ni is even, therefore

∏
p
ni(1/2)
i ∈

Q(ζf ). Hence Γ(a)2f ∈ Q(ζf ).

Remark. The Kummer property of the extension Q(ζf ,Γ(a))/Q(ζf ) was proved by
Deligne in [3], using the theory of absolute Hodge cycles. Our proof, using the
double complex, is constructive and relatively elementary.

8. Canonical lifting

In this section we prescribe an algorithm for computing a ∈ H2(±,U), given
any of the canonical basis classes of H2(±,U), indexed by a squarefree odd positive
integer divisible by an even number of primes. The same algorithm also computes
elements of H1(±,U), given any of the canonical basis classes of H1(±,U), indexed
by a squarefree odd positive integer divisible by an odd number of primes. Since
our method provides a uniquely determined cycle in the double complex SK, lifting
a given basis class, we call this the canonical lifting of the basis class. We often call
the cycle thus obtained a canonically lifted cycle. The method is as follows:

Fix [0, g,−n] ∈ SK, where g is a squarefree positive integer divisible by n odd
primes, where n is even. We want to construct a cycle C in SK such that

C =
n⊕
i=0

Ci,−i, Cn,−n = [0, g,−n] , (∂ + δ)C = 0.

We compute C by a diagram chase through the double complex SK. Note that if
[b, g/p,−n+ 1] appears in Cn−1,−n+1, then

δ [b, g/p,−n+ 1] = −([b, g/p,−n] + [1− b, g/p,−n]).

Observe that there are two possibilites: (1) 〈b〉 < 1/2 and 〈1 − b〉 > 1/2, or (2)
〈b〉 > 1/2 and 〈1− b〉 < 1/2. Since δCn−1,−n+1 = −∂Cn,−n, we therefore prescribe
that Cn−1,−n+1 be obtained by retaining all terms in ∂Cn,−n with corresponding
entries strictly less than 1/2. In other words, suppose

∂Cn,−n =
∑
i

mi [ci, h,−n] ,

where h is of the form g/p, for some prime factor p of g. Then for Cn−1,−n+1 we
prescribe the lifting

Cn−1,−n+1 = (−1)n
∑
j

mj [cj , h,−n+ 1] ,



3570 PINAKI DAS

where the summation is over all j for which 〈cj〉 < 1/2. To compute C we now
proceed inductively. Having constructed a lifting for Ck,−k, we write

∂Ck,−k =
∑
i

ni [di, w,−k] ,

where w is a squarefree positive integer having k − 1 prime factors (which are also
prime factors of g). Then for Ck−1,−k+1 we prescribe the lifting

Ck−1,−k+1 = (−1)k
∑
j

nj [dj , w,−k + 1] ,

where the summation is over all j for which 〈dj〉 < 1/2. By construction, we thus
obtain a unique cycle C with each entry strictly less than 1/2. Note also that, by
construction, the denominator of each entry divides g.

Remark. Note that the same construction applies to the lifting of basis classes of
H1(±,U), i.e., when n (the number of prime divisors of g) is odd. Since these
constructions will be extremely useful in the sequel, we summarise our results in
the following proposition:

Proposition 5. Let [0, g,−n] ∈ SK, where g is a squarefree positive integer divisi-
ble by n odd primes. Also let SK(< 1

2 ) be the subcomplex of SK generated by symbols
of the form [a, h, i] such that 0 < 〈a〉 < 1/2. Then there exists a unique cycle C in
SK, with C − Cn,−n ∈ SK(< 1

2 ), such that

C =
n⊕
i=0

Ci,−i, Cn,−n = [0, g,−n] , (∂ + δ)C = 0.

We call C the canonically lifted cycle, lifting the basis class [0, g,−n].

In the following section we will use canonical lifting to derive explicit formulae
for the squares of algebraic gamma monomials. First we prove a general result for
canonically lifted cycles.

Proposition 6. Let a =
∑
mi [ai] ∈ H2(±,U) (ai 6≡ 0 mod Z). Let f be the lcm

of the denominators of the 〈ai〉, and let f be odd. Suppose 〈ai〉 < 1/2 for all i (this
is true if a forms the bidegree (0, 0) component of a canonically lifted cycle). Then∑

mi〈ai〉 = 0 and
∑

mi = 0.

Proof. Since 〈ai〉 < 1/2, therefore 〈2ai〉 = 2〈ai〉. Hence, by the Koblitz-Ogus
criterion,

∑
mi〈ai〉 =

∑
2mi〈ai〉, so that

∑
mi〈ai〉 = 0. Also, since ai 6≡ 0, from

Proposition 3 we see that
∑
mi = 2

∑
mi〈ai〉 = 0.

The following results about cycles in SK will often prove to be useful in later
results.

Definition 9. Let C =
⊕

i+j=0 Ci,j be a cycle in SK. Given a squarefree positive
integer g divisible by k primes, we write Ck,−k as

Ck,−k =
∑
i

ni [ai, g,−k] +
∑
j

mj [bj, gj ,−k] ,
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where the gj are squarefree positive integers divisible by k primes, such that g 6= gj
for all j. With this notation, we define the g-component of Ck,−k to be

C
{g}
k,−k =

∑
i

ni [ai, g,−k] .

Remark. We use braces around g to differentiate this case from our earlier notation
Ctk,−k, which denotes internal multiplication by t. Note that we can express Ck,−k
as a sum of its g-components as Ck,−k =

∑
g C
{g}
k,−k. We have the following:

Proposition 7. Let C =
⊕

i+j=0 Ci,j be a cycle in SK. Given a squarefree positive

integer g, let C{g}k,−k be the g-component of Ck,−k, as described above. Then Ck,−k =∑
g C
{g}
k,−k. For fixed g let C{g}k,−k =

∑
i ni [ai, g,−k]. Then, if k is even,∑

i

ni [ai] ∈ H2(±,U).

In particular, in this case if we write Ck,−k =
∑
mj [bj, gj ,−k], then∑

mj [bj] ∈ H2(±,U).

Proof. The proof is an easy consequence of Theorem 5. By definition

Ck,−k =
∑
i

ni [ai, g,−k] +
∑
j

mj [bj , gj,−k]

= C
{g}
k,−k +

∑
j

mj [bj , gj,−k] ,

where the gj are squarefree positive integers, divisible by k primes, such that for
all j, g 6= gj. Let the prime factorisation of g be g = p1p2 · · · pk, with p1 < p2 <
· · · < pk. Consider the chain D in SK given by D = ∆p1∆p2 · · ·∆pkC. Recall
that ∆p induces the map ∆p : Totm+n(SK) → Totm+n+1(SK). Therefore we have
D =

⊕
i+j=k Di,j. By Theorem 5, (∂ + δ)∆p = ∆p(∂ + δ); therefore (∂ + δ)D = 0.

Thus D is a chain in SK. Since ∆p [b, h, n] = 0, if p - h, it follows that for all j,
∆p1∆p2 · · ·∆pk [bj, gj ,−k] = 0, since g 6= gj . Therefore D0,k = η

∑
i ni [ai, 1, k],

where η = ±1, and is determined by the product of the signs which appear from
each application of ∆pi in ∆p1∆p2 · · ·∆pk [ai, g,−k]. From the definition of ∆p

we find that η = (−1)0−k(−1)1−(k−1)(−1)2−(k−2) · · · (−1)k−1−(1) = (−1)−k. In
particular if k is even, then η = 1, and D0,k =

∑
i ni [ai, 1, k]. From the theory of

the double complex, since k is even, the cycle D ∈ Hk(SK, ∂ + δ) = H0(SK, ∂ + δ).
Therefore from D0,k we read off

∑
i ni [ai] ∈ H2(±,U). The last statement of the

proposition is obvious.

Along the same lines, we also have

Proposition 8. Let C =
⊕

i+j=0 Ci,j be a cycle in SK. Given a squarefree positive

integer g, let C{g}k,−k be the g-component of Ck,−k, as described above. Then Ck,−k =∑
g C
{g}
k,−k. For fixed g let C{g}k,−k =

∑
i ni [ai, g,−k]. Then, if k is odd,∑

i

ni [ai] ∈ H1(±,U).

In particular, in this case if we write Ck,−k =
∑
mj [bj, gj ,−k], then∑

mj [bj] ∈ H1(±,U).
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Proof. The proof is exactly similar to the proof of Proposition 7 above.

9. Using canonical lifting to determine Γ(a)2

In this section we use canonical lifting to compute Γ(a)2, where a ∈ H2(±,U).
We consider two separate cases as follows:

First case. We first consider the case when a is obtained by canonically lifting any
of the basis classes of H2(±,U), indexed by a squarefree positive integer which is
the product of exactly two odd primes, say p and q, where p < q. We use canonical
lifting to construct the canonically lifted cycle C, lifting the basis class kpq =
[0, pq,−2] ∈ SK2,−2/NSK2,−2, of H2(±,U). We write C = C0,0 ⊕ C1,−1 ⊕ C2,−2,
where C2,−2 = [0, pq,−2], and p < q are odd primes. As explained in the last
section, we compute C by a diagram chase through the double complex SK. We
have

∂C2,−2 =
p−1∑
i=1

[i/p, q,−2]−
q−1∑
j=1

[j/q, p,−2] .

Since δC1,−1 = −∂C2,−2, we choose

C1,−1 =

p−1
2∑
i=1

[i/p, q,−1]−
q−1

2∑
j=1

[j/q, p,−1] .

Then

δC0,0 = −∂C1,−1 =

p−1
2∑
i=1

(
[i/p, 1,−1]−

q−1∑
k=0

[
i/p+ k

q
, 1,−1

])

−
q−1

2∑
j=1

(
[j/q, 1,−1]−

p−1∑
l=0

[
j/q + l

p
, 1,−1

])
.

(13)

We therefore choose

C0,0 =

p−1
2∑
i=1

[i/p, 1, 0]−
q−1

2∑
k=0

[
i/p+ k

q
, 1, 0

]
−

q−1
2∑

j=1

[j/q, 1, 0]−
p−1

2∑
l=0

[
j/q + l

p
, 1, 0

] .

(14)

From the expression for C0,0, we read off

apq =

p−1
2∑
i=1

[i/p]−
q−1

2∑
k=0

[
i/p+ k

q

]− q−1
2∑
j=1

[j/q]−
p−1

2∑
l=0

[
j/q + l

p

] .

Then, by the theory of the double complex, apq represents a non-trivial element in
the torsion subgroup of U−, and corresponds by construction to kpq . A straight
forward computation gives

Γ(∂SC1,−1) =
q(p−1)2/8p

p(q−1)2/8q
.
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Since Γ(a)2 = Γ(∂SC1,−1) sin a (as in Theorem 6), we have in this case

Γ(apq)2 =
q(p−1)2/8p

p(q−1)2/8q
sin apq.(15)

Example. As an example, we compute the canonically lifted cycle C15, lifting the
basis class k15 = [0, 15,−2] ∈ SK2,−2/NSK2,−2. From the formulae above, we have
C = C0,0 ⊕ C1,−1 ⊕ C2,−2, where

C0,0 = [1/3, 1, 0]− [4/15, 1, 0]− [1/5, 1, 0] + [2/15, 1, 0] ,(16)

C1,−1 = [1/3, 5,−1]− [1/5, 3,−1]− [2/5, 3,−1] ,(17)

C2,−2 = [0, 15,−2] .(18)

From the expression for C0,0, we read off

a15 = [1/3]− [4/15]− [1/5] + [2/15] ,(19)

Then a15 represents a non-trivial element in the torsion subgroup of U−, and cor-
responds by construction to k15. We also have

Γ(a15)2 = 3−2/551/6 sin a15.(20)

Note that each entry in a15 is strictly less than 1/2, and that the internal sum of a
is 〈1/3〉 − 〈4/15〉 − 〈1/5〉+ 〈2/15〉 = 0, as stated in Proposition 6.

Second case. Next, we consider the case when a is obtained by canonically lifting
any of the basis classes of H2(±,U), indexed by an odd squarefree positive integer
divisible by at least four odd primes. We want to prove the following:

Theorem 10. Let C =
⊕

i+j=0 Ci,j be a canonically lifted cycle in the double
complex SK, lifting any basis class of H2(±,U) represented by kg = [0, g,−n] ∈
SKn,−n/NSKn,−n, where g is a squarefree odd positive integer divisible by an even
number of primes. Let C0,0 =

∑
mi [ai, 1, 0] and a =

∑
mi [ai]. Then a represents

the basis class kg. If g is divisible by at least four odd primes, then

Γ(∂SC1,−1) = 1, hence Γ(a)2 = sin a.

Proof. We express C2,−2 as a sum of pq-components, where p and q are odd prime
divisors of g with p < q. Using Definition 9, we write C2,−2 =

∑
(p,q) : p<q C

{pq}
2,−2.

Let C{pq}2,−2 =
∑

i ni [bi, pq,−2]. By Proposition 7∑
i

ni [bi] ∈ H2(±,U).(21)

To avoid having to use diamond braces repeatedly for all our formulae below, with-
out loss of generality, in this proof we assume that for all i the number bi, 0 ≤ bi < 1,
represents the class of bi ∈ Q/Z. Thus for this proof we write 〈bi〉 = bi.

Since C is a canonically lifted cycle, by Proposition 5 we have 0 < bi < 1/2 for
all i. Therefore, by Proposition 6∑

i

nibi = 0 and
∑
i

ni = 0.(22)

Using canonical lifting, we compute C1,−1 by a diagram chase through the double
complex SK. We proceed by determining the contribution of each C{pq}2,−2 to C1,−1.
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We have

∂C
{pq}
2,−2 =

∑
i

(
−ni [bi, q,−2] + ni

p−1∑
ν=0

[
bi + ν

p
, q,−2

])

+
∑
i

(
ni [bi, p,−2]− ni

q−1∑
µ=0

[
bi + µ

q
, p,−2

])
.

(23)

Recall that for canonical lifting we retain terms strictly less than 1/2, to find the
contribution to C1,−1. We let C1,−1(pq) denote this contribution to C1,−1, arising
from C

{pq}
2,−2. Thus

C1,−1(pq) =
∑
i

−ni [bi, q,−1] + ni

p−1
2∑

ν=0

[
bi + ν

p
, q,−1

]
+
∑
i

ni [bi, p,−1]− ni

q−1
2∑

µ=0

[
bi + µ

q
, p,−1

] .

(24)

Then from the above we have

Γ(∂SC1,−1(pq)) =
∏
i

qniP p−1
2

ν=0 (1/2−(bi+ν)/p)

qni(1/2−bi)


=
∏
i

 pni(1/2−bi)

pni
P q−1

2
µ=0 (1/2−(bi+µ)/q)

 .

(25)

Summing over ν and µ in the above expression, we get

Γ(∂SC1,−1(pq)) =
∏
i

(
qni(p−1)2/8p

pni(q−1)2/8q

)(
qnibi(p−1)/2p

pnibi(q−1)/2q

)

=

(
q(
P
i ni)(p−1)2/8p

p(
P
i ni)(q−1)2/8q

)(
q(
P
i nibi)(p−1)/2p

p(
P
i nibi)(q−1)/2q

)
= 1,

since, all the exponents are 0, by equations (21) and (22). Clearly C1,−1 =∑
(p,q) : p<q C1,−1(pq), where we sum over all the contributions to C1,−1 arising from

the canonical lifting of each pq-component C{pq}2,−2, of C2,−2. Since Γ(∂SC1,−1) =∑
(p,q) : p<q Γ(∂SC1,−1(pq)), therefore Γ(∂SC1,−1) = 1. Clearly then, Γ(a)2 =

sin a.

Remark. Canonical lifting is also useful in other computations involving the double
complex. For example, in later sections we will often encounter the following prob-
lem: Given a boundary C in SK, construct a chain B such that (∂ + δ)B = C. In
this situation, canonical lifting provides a natural method for lifting C to a unique
chain B. Details are as follows:

Assume that C = C0,s ⊕ C1,s−1 ⊕ · · · ⊕ Cn,s−n, is a boundary in SK. Also
for simplicity, assume that no terms of the form [0, g, s− i] appear in any of the
Ci,s−i. We need to construct a chain B = B0,s+1 ⊕ B1,s+1 ⊕ · · · ⊕ Bn,s−n+1 such
that (∂ + δ)B = C. As in our discussion of canonical lifting in Section 8, we
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describe the construction of B inductively. Thus Bn,s−n+1 is obtained by retaining
all terms in Cn,s−n with corresponding entries strictly less than 1/2. We note that
δBi−1,s−i+2 + ∂Bi,s−i+1 = Ci−1,s−i+1. Therefore, having constructed Bi,s−i+1,
we obtain Bi−1,s−i+2 by retaining all terms in Ci−1,s−i+1 − ∂Bi,s−i+1 with entries
strictly less than 1/2. We summarise our observations in the following proposition,
which is similar to Proposition 5.

Proposition 9. Let C =
⊕n

i=0 Ci,s−i be a boundary in SK. Assume that no terms
of the form [0, g, s− i], appear in any of the Ci,s−i. Then there exists a unique
chain B in SK(< 1

2 ) such that

B =
⊕

i+j=s+1

Bi,j , with (∂ + δ)B = C,

where SK(< 1
2 ) is the subcomplex of SK generated by symbols of the form [a, h, i] such

that 0 < 〈a〉 < 1/2. We call B the canonically lifted chain lifting the boundary C.

10. The ratio sin a/ sin at

Let a =
∑
mi [ai] ∈ H2(±,U) (ai /∈ Z). Let f be the lcm of the denominators

of the 〈ai〉. We assume that f is odd for simplicity. From Proposition 3, we
know that

∑
mi is even. Since each sinπ〈ai〉 = (ζf〈ai〉2f − ζ2f

−f〈ai〉)/2i, hence
sin a ∈ Q(ζ2f ) = Q(ζf ), since f is odd. Now, let a be as above and let t ∈ (Z/fZ)×.
Recall that, by definition, at =

∑
mi [tai]. Our goal is to compute the ratio of

the sine monomials corresponding to a and at. For this we need the following
propositions.

Proposition 10. Let a =
∑
mi [ai] ∈ H2(±,U). Then a forms the bidegree (0, 0)

component of a cycle C in SK such that C =
⊕

i+j=0 Ci,j , C0,0 =
∑
mi [ai, 1, 0],

and (∂+ δ)C = 0. Let Ct be the cycle obtained from C by internally multiplying by
t, so that at is the bidegree (0, 0) component of Ct. Then C − Ct is a boundary in
SK. Let B be the chain in SK such that B =

⊕
i+j=1 Bi,j, and (∂+ δ)B = C−Ct.

Let S be the vertical shift operator as defined earlier. Then

Γ(∂SδB1,0) = Γ(∂B1,0)2.

Note that the remark following Theorem 8 shows that C − Ct is a boundary in
SK.

Proof. It is enough to show this for any [b, p, 0] ∈ B1,0. We have

∂Sδ [b, p, 0] = ∂S(− [b, p,−1] + [−b, p,−1])

= −(1−Xp) [b, 1, 0] + (1−Xp) [−b, 1, 0]

Therefore
Γ(∂Sδ [b, p, 0]) = p−(1/2−〈b〉)p1/2−(1−〈b〉) = p2〈b〉−1.

Again,

Γ(∂ [b, p, 0])2 = Γ(−(1−Xp) [b, p, 0])2 = (p−(1/2−〈b〉))2 = p2〈b〉−1.

This proves the proposition.

The following is a direct consequence of the above:
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Proposition 11. Let a =
∑
mi [ai] ∈ H2(±,U). Then a forms the bidegree (0, 0)

component of a cycle C in SK such that C =
⊕

i+j=0 Ci,j , C0,0 =
∑
mi [ai, 1, 0],

and (∂+ δ)C = 0. Let Ct be the cycle obtained from C by internally multiplying by
t, so that at is the bidegree (0, 0) component of Ct. Let B be the chain in SK such
that B =

⊕
i+j=1 Bi,j, and (∂ + δ)B = C −Ct. Let S be the vertical shift operator

as defined earlier. Then

Γ(∂(S(C − Ct))1,0) = Γ(∂B1,0)2.

Proof. Observe that ∂S(C − Ct) = ∂S(∂ + δ)B = ∂SδB, since ∂S = −S∂ and
∂2 = 0. Therefore Γ(∂(S(C − Ct))1,0) = Γ(∂SδB1,0) = Γ(∂B1,0)2, by Proposition
10. This proves the proposition.

We are now ready for the following theorem:

Theorem 11. Let a =
∑
mi [ai] ∈ H2(±,U). Let f be the lcm of the denominators

of the ai, and let t ∈ (Z/fZ)×. We assume that f is odd for simplicity. Then there
exists b =

∑
ni [bi] ∈ A such that

sin a
sin at

= (sin b)2

Furthermore, sin b ∈ Q(ζf ) if
∑
ni is even, and sin b ∈ Q(ζ4f ) if

∑
ni is odd.

Proof. We know that a forms the bidegree (0, 0) component of a cycle C in SK
such that C =

⊕
i+j=0 Ci,j , C0,0 =

∑
mi [ai, 1, 0], and (∂ + δ)C = 0. Let Ct be

the cycle obtained from C by internally multiplying by t, so that at is the bidegree
(0, 0) component of Ct. Let B be the chain in SK such that B =

⊕
i+j=1 Bi,j and

(∂ + δ)B = C − Ct. Let S be the vertical shift operator as defined earlier. Since
(∂ + δ)C = 0 and (∂ + δ)S + S(∂ + δ) = 2, we have (∂ + δ)(C − Ct) = 2(C − Ct).
Therefore 2C0,0−2Ct0,0 = δ(S(C−Ct))0,1 +∂(S(C−Ct))1,0. This gives an identity
for 2a− 2at in A. Hence

Γ(a)2

Γ(at)2
= Γ(∂(S(C − Ct))1,0)

sin a
sin at

.(26)

Now let B0,1 =
∑
ni [bi, 1, 1], and write b =

∑
ni [bi]. We have C0,0 − Ct0,0 =

δB0,1 + ∂B1,0. This gives an identity for a− at in A. Hence

Γ(a)
Γ(at)

= Γ(∂B1,0) sin b(27)

From (26), (27), and Proposition 11 above, we have sin a
sin at = (sin b)2. For the last

part of the theorem, observe that no term of the form [0, g,−i] can appear in the
boundary C − Ct. By Proposition 9, there exists a unique canonically lifted chain
B in SK such that B =

⊕
i+j=1 Bi,j , with (∂ + δ)B = C. As before, we write

B0,1 =
∑
ni [bi, 1, 1] and b =

∑
ni [bi]. Then, by construction, for all i we have

bi 6≡ 0 mod Z, and the denominators of the bi divide f . Recall that by definition,
since bi 6≡ 0 mod Z, we have sin b =

∏
i(2 sinπ〈bi〉)ni . The last part of the theorem

is now clear from the fact that sinπ〈bi〉 = (ζf〈bi〉2f − ζ−f〈bi〉2f )/2i.

Example. To illustrate Theorem 11, we turn to our example of the canonically
lifted cycle C15, lifting the basis class [0, 15,−2], of H2(±,U). Let t = 7. From
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equation (16), we have

C7
0,0 = [1/3, 1, 0]− [13/15, 1, 0]− [2/5, 1, 0] + [14/15, 1, 0] ,

C7
1,−1 = [1/3, 5,−1]− [2/5, 3,−1]− [4/5, 3,−1] ,

C7
2,−2 = [0, 15,−2] .

Note that (C−C7)2,−2 = 0. We want to find a chain B such that B = B0,1⊕B1,0,
with (∂ + δ)B = C −C7. Since (C −C7)1,−1 = − [1/5, 3,−1] + [4/5, 3,−1], we use
canonical lifting to conclude that B1,0 = [1/5, 3, 0]. Now

δB0,1 = (C − C7)0,0 − ∂B1,0.

A straightforward calculation, using canonical lifting gives B0,1 = [2/15, 1, 1] −
[1/15, 1, 1]− [4/15, 1, 1]. Thus

a = [1/3]− [4/15]− [1/5] + [2/15] ,

a7 = [1/3]− [13/15]− [2/5] + [14/15] ,

b = [2/15]− [1/15]− [4/15] ,

and we have the identity sin a/ sin a7 = (sin b)2. Explicitly,(
sin(π/3) sin(2π/15)
sin(4π/15) sin(π/5)

)(
sin(13π/15) sin(2π/5)
sin(π/3) sin(14π/15)

)
=
(

sin(2π/15)
2 sin(π/15) sin(4π/15)

)2

.

(28)

11. Relation between sin at and σt sin a

Let σt ∈ Gal(Q(ζ2f )). Here, as always, ζ2f stands for the primitive 2f -th root
of unity, and σt : ζ2f 7→ ζt2f . Note that t is an odd integer, relatively prime to
f . We want to find the relationship between sin at and σt sin a. First note that
sin at is a positive real number, since each 〈tai〉 lies between 0 and 1. However, for
a ∈ A with sin a ∈ Q(ζf ), it is quite possible that σt sin a = − sin at. For example,
if a = [1/3] + [1/5], then σ7 sin a = 2 sin(7π/3)2(sin 7π/5) = − sin a7. However, if
a ∈ A is an element of H2(±,U) then we have the following:

Theorem 12. Let a =
∑
mi [ai] ∈ H2(±,U). Let f be the lcm of the 〈ai〉 and let

f be odd. Let t be an odd integer relatively prime to f , and let σt : ζ2f 7→ ζt2f . Then

σt sin a = sin at

Proof. Recall that by definition sin a =
∏
i : ai 6≡0(2 sinπ〈ai〉)mi . Therefore without

loss of generality we may assume that, for all i, ai 6≡ 0 mod Z. Write t〈ai〉 =
bt〈ai〉c + 〈t〈ai〉〉 = bt〈ai〉c+ 〈tai〉. Then t

∑
mi〈ai〉 =

∑
mibt〈ai〉c +

∑
mi〈tai〉 =∑

mibt〈ai〉c+
∑
mi〈ai〉. In the last step we have used the Koblitz-Ogus criterion for

a ∈ H2(±,U). Thus (t−1)
∑
mi〈ai〉 =

∑
mibt〈ai〉c. Since t is odd,

∑
mibt〈ai〉c ≡

0 mod 2. The proof follows from the fact that

σt sin a =
∏

(2 sinπt〈ai〉)mi =
∏

(2 sinπ(bt〈ai〉c+ 〈tai〉))mi

=
∏

(2(−1)bt〈ai〉c sinπ〈tai〉)mi = (−1)
P
mibt〈ai〉c

∏
(2 sinπ〈tai〉)mi

=
∏

(2 sinπ〈tai〉)mi (by above) = sin at.
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Example. To illustrate Theorem 12, once again we look at our example with C15.
We have

sin a =
sin(π/3) sin(2π/15)
sin(4π/15) sin(π/5)

and sin a7 =
sin(π/3) sin(14π/15)
sin(13π/15) sin(2π/5)

.

Thus

σ7 sin a =
sin(7π/3) sin(14π/15)
sin(28π/15) sin(7π/5)

=
sin(π/3) sin(14π/15)

(− sin(13π/15))(− sin(2π/5))
= sin a7.

12. The ratio (Γ(a)/Γ(at))f

We have seen that Γ(a)2f ∈ Q(ζf ). The same is true for Γ(at)2f . However in
general neither Γ(a)f nor Γ(at)f is in Q(ζf ). Here we want to prove the important
fact that the ratio (Γ(a)/Γ(at))f always belongs to Q(ζf ). In fact, we have the
following:

Theorem 13. Let a =
∑
mi [ai] ∈ H2(±,U). Let f be the lcm of the 〈ai〉 and let

f be odd. Let t be an odd integer relatively prime to f , and let σt : ζ2f 7→ ζt2f . Then(
Γ(a)
Γ(at)

)f
∈ Q(ζf ).

Proof. Recall that by definition Γ(a) =
∏
i : ai 6≡0

( √
2π

Γ(〈ai〉)

)mi
. Therefore without

loss of generality we may assume that, for all i, ai 6≡ 0 mod Z. We know that a
forms the bidegree (0, 0) component of a cycle C in SK such that C =

⊕
i+j=0 Ci,j ,

C0,0 =
∑
mi [ai, 1, 0] and (∂ + δ)C = 0. Let Ct be the cycle obtained from C by

internally multiplying by t, so that at is the bidegree (0, 0) component of Ct. Note
that no term of the form [0, g,−i] appears in the boundary C−Ct. By Proposition
9, there exists a unique canonically lifted chain B in SK such that B =

⊕
i+j=1 Bi,j

with (∂ + δ)B = C. As before, we write B0,1 =
∑
ni [bi, 1, 1] and b =

∑
ni [bi].

Then by construction, for all i, bi 6≡ 0 mod Z, and the denominators of the bi divide
f . We also write B1,0 =

∑
εi [ci, pi, 0]+

∑
ε′j
[
c′j , p

′
j, 0
]
, where pi ≡ 3 mod 4, p′j ≡ 1

mod 4 and εi, ε
′
j = ±1. We have a − at = δB0,1 + ∂B1,0. From the Koblitz-Ogus

criterion we know that the internal sum of the left hand side of the above equation
is 0. On the right hand side, the internal sum of δB0,1 is

∑
ni. Also, the internal

sum of ∂B1,0 is ∑
εi
pi − 1

2
+
∑

ε′j
p′j − 1

2
.

Equating internal sums of both sides, we obtain∑
ni +

∑
εi
pi − 1

2
+
∑

ε′j
p′j − 1

2
= 0.

Since (pi − 1)/2 ≡ 1 mod 2 and (p′j − 1)/2 ≡ 0 mod 2, we have∑
ni +

∑
εi ≡ 0 mod 2.(29)

Now
Γ(a)
Γ(at)

=
(∏

p
εi(1/2−〈ci〉)
i

)(∏
p′j
ε′j(1/2−〈c

′
j〉)
)

sin b,(30)
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so that (
Γ(a)
Γ(at)

)f
= q

(∏
p
εi(1/2)
i

)(∏
p′j
ε′j(1/2)

)
(sin b)f ,

where q is a rational number. Note that each p′j
1/2 ∈ Q(ζf ), since p′j ≡ 1 mod 4.

Also ip1/2
i ∈ Q(ζf ), since pi ≡ 3 mod 4. Therefore, if

∑
εi is even, then

∏
p
εi(1/2)
i ∈

Q(ζf ). If
∑
εi is odd, then i

∏
p
εi(1/2)
i ∈ Q(ζf ).

Again, if
∑
ni is even, then sin b ∈ Q(ζf ). If

∑
ni is odd, then i sin b ∈ Q(ζf ).

By the congruence (29) above,
∑
ni is even if and only if

∑
εi is even. Combining

these observations, we conclude that (Γ(a)/Γ(at))f ∈ Q(ζf ).

Example. Once again, as an example to illustrate Theorem 13, we look at C15. For
t = 7 we have B1,0 = [1/5, 3, 0]. Also B0,1 = [2/15, 1, 1]− [1/15, 1, 1]− [4/15, 1, 1].
We conclude that(

Γ(a)
Γ(a7)

)15

= 3−9/2

(
sin(2π/15)

2 sin(π/15) sin(4π/15)

)15

.

Note that i31/2 ∈ Q(ζ15). Also

i

(
sin(2π/15)

2 sin(π/15) sin(4π/15)

)
∈ Q(ζ15).

Therefore
(
Γ(a)/Γ(a7)

)15 ∈ Q(ζ15).

13. Criterion for an element of A to be in H2(±,U)

For an element of A to be in H1(±,U), the Koblitz-Ogus criterion requires
internal sums to be invariant under the action of (Z/fZ)×. Here we prove a similar,
necessary criterion for an element ofA to be inH1(±,U). This criterion will prove to
be useful for our results on double coverings in the following section. Our criterion
requires that the corresponding sine monomial be invariant under the action of
(Z/fZ)×. First we prove a general result about elements in H1(±,U).

Proposition 12. Let b =
∑
mi [bi] ∈ H1(±,U). Then, for all i, bi 6≡ 0 mod Z.

Proof. This holds since there exists a cycle C in SK such that C =
⊕

i+j=1 Ci,j ,
C0,1 =

∑
mi [bi, 1, 1], and (∂+ δ)C = 0. If [0, 1, 1] appears in C0,1, then δ [0, 1, 1] =

2 [0, 1, 0]. But for any [a, p, 0] in C1,0, ∂ [a, p, 0] does not contain terms of the form
[0, 1, 0]. Thus C would fail to be a cycle.

We want to prove the following necessary criterion for an element of A to be in
H1(±,U):

Theorem 14. Let b =
∑
mi [bi] ∈ H1(±,U). Let d be the lcm of the denominators

of the bi. We assume d is odd for simplicity. Then, for all t ∈ (Z/dZ)×, we have

sin b = sin bt = w.

That is,
∏

(2 sinπ〈bi〉)mi =
∏

(2 sinπ〈tbi〉)mi = w, where w is independent of t.
Furthermore we have the following cases:

First case: When b represents any of the canonical basis classes of H1(±,U),
indexed by a single odd prime, then w =

√
q, where q ∈ Q.

Second case: Here let b represent any of the canonical basis classes of H1(±,U),
indexed by an odd squarefree positive integer divisible by at least three primes. Let C
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be a cycle in SK such that C =
⊕

i+j=1 Ci,j , C0,1 =
∑
mi [bi, 1, 1], and (∂+δ)C = 0.

Assume that no term of the form [0, p, 0] appears in C1,0. Then w = 1.

Proof. Note that by Proposition 12, bi 6≡ 0 mod Z.
First Case: In this case, there is a cycle C in SK such that C =

⊕
i+j=1 Ci,j ,

C0,1 =
∑
mi [bi, 1, 1], and (∂ + δ)C = 0. Let C1,0 =

∑
ni [0, pi, 0]. Note that

Ci,1−i = 0 for i ≥ 2. Let Ct be the cycle obtained from C by internal multiplica-
tion by t. Then Ct0,1 =

∑
mi [tbi, 1, 0] and Ct1,0 = C1,0. Therefore Γ(−∂Ct1,0) =

Γ(−∂C1,0) =
∏

(
√
pi)

ni . Again, δC = −∂C (since C is a cycle); hence Γ(δCt0,1) =
Γ(δC0,1) =

∏
(
√
pi)

ni .
But

Γ(δC0,1) = Γ
(∑

mi([bi, 1, 0] + [−bi, 1, 0])
)

=
∏

(2 sinπ〈bi〉)mi .

Similarly

Γ(δCt0,1) = Γ
(∑

mi([tbi, 1, 0] + [−tbi, 1, 0])
)

=
∏

(2 sinπ〈tbi〉)mi .

Writing
∏
pi
ni = q ∈ Q, we get∏

(2 sinπ〈bi〉)mi =
∏

(2 sinπ〈tbi〉)mi = w,

where w =
√
q, is a constant.

Second Case: Now assume that b lifts canonical basis classes indexed by odd
squarefree positive integers divisible by at least three primes. By hypothesis, C1,0

consists of terms of the form [a, p, 0], where a 6≡ 0 mod Z. We express C1,0 as a
sum of its p-components as C1,0 =

∑
pC
{p}
1,0 . Let C{p}1,0 =

∑
i ni [ai, p, 0]. Then by

Proposition 7
∑
i ni [ai] ∈ H2(±,U). Since ai 6≡ 0 mod Z, by Proposition 3 we

have
∑
ni = 2

∑
ni〈ai〉. Therefore Γ(−∂C{p}1,0 ) = p

P
ni(1/2−〈ai〉) = p0 = 1. Hence

Γ(−∂C1,0) =
∏
p Γ(−∂C{p}1,0 ) = 1. Again, Ct1,0 =

∑
p(C

{p}
1,0 )t, where (C{p}1,0 )t =∑

i ni [tai, p, 0]. But
∑
i ni [tai] ∈ H2(±,U). (This is obvious from the Koblitz-Ogus

criterion, since
∑
ni〈tai〉 =

∑
ni〈ai〉.) Also note that tai 6≡ 0 mod Z. Hence (as

above) we have Γ(−∂Ct1,0) = 1. Using ΓδC0,1 = −Γ∂C1,0 and ΓδCt0,1 = −Γ∂Ct1,0,
we get

∏
(2 sinπ〈bi〉)mi =

∏
(2 sinπ〈tbi〉)mi = 1.

14. Some consequences of Theorem 14

In this section we derive some important properties of elements of A which belong
to H1(±,U). These are direct consequences of the criterion described in Theorem
14. The results described here, will be extremely useful for our discussion of double
coverings in the following section. First we have the following:

Proposition 13. Let b =
∑
mi[bi] ∈ H1(±,U). Assume that b represents any of

the canonical basis classes of H1(±,U), indexed by odd squarefree positive integers
divisible by at least three odd primes. Let C be a cycle in SK such that C =⊕

i+j=1 Ci,j , C0,1 =
∑
mi [bi, 1, 1], and (∂ + δ)C = 0. Assume that no term of the

form [0, p, 0] appears in C1,0. Let d be the lcm of the denominators of the bi, and
let d be odd. Then ∑

mi ≡ 0 mod 2.



ALGEBRAIC GAMMA MONOMIALS 3581

Proof. Note that by Proposition 12, bi 6≡ 0 mod Z. By hypothesis, C1,0 consists
of terms of the form [a, p, 0], where a 6≡ 0 mod Z. We express C1,0 as a sum of its
p-components as C1,0 =

∑
pC
{p}
1,0 . Let C{p}1,0 =

∑
i ni [ai, p, 0]. By Proposition 7,∑

i ni [ai] ∈ H2(±,U). Since ai 6≡ 0 mod Z, by Proposition 3 we have∑
ni ≡ 0 mod 2.(31)

Now δC0,1 = −∂C1,0. Therefore

internal sum of δC0,1 =
∑

mi = internal sum of − ∂C1,0.(32)

But internal sum of − ∂C{p}1,0 =
∑

i ni
p−1

2 = p−1
2 (
∑
i ni) ≡ 0 mod 2, by (31).

Therefore −∂C1,0 =
∑

p−∂C
{p}
1,0 ≡ 0 mod 2. Hence by (32),

∑
mi ≡ 0 mod 2.

The following proposition, is a direct consequence of the criterion for elements
in H1(±,U), given by Theorem 14.

Proposition 14. Let b =
∑
mi[bi] ∈ H1(±,U). Assume that b represents any of

the canonical basis classes of H1(±,U), indexed by odd squarefree positive integers
divisible by at least three odd primes. Let C be a cycle in SK such that C =⊕

i+j=1 Ci,j , C0,1 =
∑
mi [bi, 1, 1], and (∂ + δ)C = 0. Assume that no term of the

form [0, p, 0] appears in C1,0. Let d be the lcm of the denominators of the bi, and
let d be odd. Let t be an odd integer relatively prime to d, and let σt : ζ2d → ζt2d.
Then

sin b ∈ Q(ζd), and σt sin b = sin b = sin bt = 1.

Proof. Note that, by Proposition 12, bi 6≡ 0 mod Z. By Proposition 13,
∑
mi is

even. Hence sin b ∈ Q(ζd). But from Theorem 14, since b represents a canonical
basis class indexed by at least three odd primes, we have sin b = sin bt = 1. The
proof of the proposition is now obvious.

Proposition 15. Let b =
∑
mi[bi] ∈ H1(±,U). Assume that b represents any of

the canonical basis classes of H1(±,U), indexed by odd squarefree positive integers
divisible by at least three odd primes. Let C be a cycle in SK such that C =⊕

i+j=1 Ci,j , C0,1 =
∑
mi [bi, 1, 1], and (∂ + δ)C = 0. Assume that no term of the

form [0, p, 0] appears in C1,0. Let d be the lcm of the denominators of the bi, and
let d be odd. Let t be an odd integer relatively prime to d. Then

d
∑

mi(〈tbi〉 − 〈bi〉) ≡ 0 mod 2.

Proof. Note that by Proposition 12, bi 6≡ 0 mod Z. We have
σt sin b = 1 by Proposition 14

=
∏

(2 sinπt〈bi〉)mi =
∏

(2 sinπ(bt〈bi〉c+ 〈tbi〉)mi

= (−1)
P
mibt〈bi〉c sin bt = (−1)

P
mibt〈bi〉c, by Proposition 14.

Therefore
∑
mibt〈bi〉c =

∑
mi(t〈bi〉 − 〈tbi〉) ≡ 0 mod 2. So d

∑
mi(〈tbi〉 − 〈bi〉)

≡ d(t− 1)
∑
mi〈bi〉mod 2. The proposition follows, since t is odd.

Propositions 13 and 14 provides useful information about the ratio

Γ(a)2f/(sin a)f ,
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when a represents any of the canonical basis classes of H2(±,U), indexed by odd
squarefree positive integers divisible by at least four primes. Recall that, without
any assumption on the basis classes, Theorem 6 states that this ratio is the square
root of a rational number. We are now ready to prove the following generalisation
of Theorem 6 and Theorem 10:

Theorem 15. Let a =
∑
mi [ai] ∈ H2(±,U) (ai /∈ Z), and let f be the lcm of the

denominators of the 〈ai〉 and let f be odd. Then the following are true:

(A) Γ(a)2f =
√
r(sin a)f , where r ∈ Q.

(This is true even without the assumption that f is odd.)
(B) Let a represent any of the basis classes of H2(±,U), indexed by odd squarefree

positive integers divisible by at least four primes. Let C be a cycle in SK such that
C =

⊕
i+j=o Ci,j , C0,0 =

∑
mi [ai, 1, 0], and (∂ + δ)C = 0. Assume that no term

of the form [0, pq, 0] appears in C2,−2. Then

Γ(a)2f = s(sin a)f , where s ∈ Q.
(C) Let t be an odd integer relatively prime to f . If a forms the bidegree

(0, 0) component of a cycle obtained by canonically lifting any of the basis classes
of H2(±,U), indexed by odd squarefree positive integers divisible by at least four
primes, then

Γ(a)2f = (sin a)f and Γ(at)2f = w2(sin at)f , where w ∈ Q.

Proof. (A) This is a restatement of Theorem 6.
(B) We express C1,−1 as a sum of its p-components, C1,−1 =

∑
pC
{p}
1,−1. Let

C
{p}
1,−1 =

∑
i ni [bi, p,−1]. Then, by Proposition 8,

∑
i ni [bi] ∈ H1(±,U). By

hypothesis,
∑
i ni [bi] represents canonical basis classes of H1(±,U), indexed by

odd squarefree positive integers divisible by at least three odd primes. Also the
hypothesis, of Proposition 13 is satisfied, since C2,−2 does not contain terms of the
form [0, pq,−2]. Hence, from Proposition 13,

∑
i ni ≡ 0 mod 2. Now

Γ(a)2f = (Γ(∂SC1,−1))f (sin a)f =
∏
p

(Γ(∂SC{p}1,−1))f (sin a)f ,

(Γ(∂SC{p}1,−1))f = pf
P
i ni(1/2−〈bi〉) = pe(p), say.

Since
∑

i ni is even, therefore e(p) is an integer. The result follows from the fact
that Γ(a)2f =

∏
pe(p)(sin a)f .

(C) We use the same notation as in the proof of (B), and assume that C is a
canonically lifted cycle. We then have

Γ(a)2f = (Γ(∂SC1,−1))f (sin a)f =
∏
p

(Γ(∂SC{p}1,−1))f (sin a)f ,

Γ(at)2f = (Γ(∂SCt1,−1))f (sin at)f =
∏
p

(Γ(∂S(C{p}1,−1)t))f (sin at)f .

Furthermore,

(Γ(∂SC{p}1,−1))f = pf
P
i ni(1/2−〈bi〉)(sin a)f ,

(Γ(∂S(C{p}1,−1)t))f = pf
P
i ni(1/2−〈tbi〉)(sin at)f .
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Since C is assumed to be a canonically lifted cycle, by Theorem 10 we have
(Γ(∂SC1,−1))f = 1. Now

(Γ(∂SC{p}1,−1))f

(Γ(∂S(C{p}1,−1)t))f
=

pf
P
i ni(1/2−〈bi〉)

pf
P
i ni(1/2−〈tbi〉)

= pf
P
i ni(〈tbi〉−〈bi〉) = pr(p), say.

On the other hand, from Proposition 8, b =
∑

i ni [bi] ∈ H1(±,U). Also, since C
is a canonically lifted cycle, C2,−2 does not contain elements of the form [0, pq,−2].
Hence the hypothesis of Proposition 15 holds. Therefore

r(p) = f
∑
i

ni(〈tbi〉 − 〈bi〉) ≡ 0 mod 2.

Now,

(Γ(∂SC1,−1))f

(Γ(∂S(C1,−1)t))f
=
∏
p

pr(p).

Therefore
1

(Γ(∂S(C1,−1)t))f
=
∏
p

pr(p).

Since r(p) is even, (Γ(∂S(C1,−1)t))f = w2, where w ∈ Q. This proves (C).

15. Double coverings

Definition 10. Given a Galois extension K/F , we define a double covering of K/F
to be an extension K̃/K of degree ≤ 2 such that K̃/F is Galois.

Let a =
∑
mi [ai] ∈ H2(±,U), let f be the lcm of the denominators of the 〈ai〉,

and let f be odd. Then, by Theorems 11 and 12, for all σ ∈ Gal(Q̄/Q) we have√
sin a

σ
√

sin a
= ± sin b, where sin b ∈ Q(ζ4f ). Hence, Q(ζ4f ,

√
sin a) is a Galois extension

of Q, and so, by Definition 10, each a ∈ H2(±,U) gives rise to a double covering
of Q(ζ4f )/Q by Q(ζ4f ,

√
sin a). We want to prove the following theorem, due to

Deligne:

Theorem 16. Let a =
∑
mi [ai] ∈ H2(±,U), let f be the lcm of the denominators

of the 〈ai〉, and let f be odd. Then, for all σ ∈ Gal(Q̄/Q),

Γ(a)
σΓ(a)

∈ Q(ζf ).

Thus a gives rise to a double covering of Q(ζf )/Q by Q(ζf ,Γ(a)f ).

Remark. Theorem 16 was proved by Deligne in [3], using the theory of absolute
Hodge cycles. The double complex provides a more constructive and relatively
elementary proof.

Notation. Let a =
∑
mi [ai] ∈ H2(±,U), let f be the lcm of the denominators of

the 〈ai〉, and let f be odd. Let C be a cycle in SK such that C =
⊕

i+j=0 Ci,j ,
C0,0 =

∑
mi [ai, 1, 0] and (∂ + δ)C = 0. Furthermore let C1,−1 =

∑
εi [bi, pi,−1].

To simplify notation we write

v = Γ(∂SC1,−1) =
∏

p
εi(1/2−〈bi〉)
i ,

vt = Γ(∂SCt1,−1) =
∏

p
εi(1/2−〈tbi〉)
i .
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With this notation we have Γ(a)2 = v sin a and Γ(at)2 = vt sin at. Note that
v2f , vt2f and ( vvt )

f are rational numbers.
To prove Theorem 16, we first make the following reduction:

Theorem 17. Let a =
∑
mi [ai] ∈ H2(±,U), let f be the lcm of the denominators

of the 〈ai〉, and let f be odd. Let σ ∈ Gal(Q̄/Q), and let σt be the restriction of σ
to Q(ζf ), where, as usual, σt : ζf 7→ ζtf . Then(

Γ(a)
σΓ(a)

)
∈ Q(ζf )⇔ (v/vt)f/2

(v/σv)f/2
∈ Q(ζf ).

Remark. Note that Theorem 17 provides a criterion for the verification of Theorem
16.

Proof. As in earlier proofs, we may assume that for all i, ai 6≡ 0 mod Z. From
Theorem 13 (see (30)) we know that(

Γ(a)
Γ(at)

)f
=
(
v

vt

)f/2
(sin b)f ∈ Q(ζf ),

where b =
∑
nibi, bi 6≡ 0 mod Z, and the denominators of the bi divide f . There-

fore Theorem 13 can be restated as(
v

vt

)f/2
∈ Q(ζf )⇔ sin b ∈ Q(ζf ),

i

(
v

vt

)f/2
∈ Q(ζf )⇔ i sin b ∈ Q(ζf ).

(33)

On the other hand, we also have(
Γ(a)
σΓ(a)

)f
=

√
vf

σvf

(
sin a
σ sin a

)f/2
=

√
vf

σvf

(
sin a
sin at

)f/2
by Theorem 12

= ±
√

vf

σvf
(sin b)f by Theorem 11.

(34)

Furthermore, vf/σvf = ±1, since vf is the square root of a rational number.
Therefore proving that (Γ(a)/σΓ(a))f ∈ Q(ζf ), is equivalent to proving that

vf

σvf
= 1⇔ sin b ∈ Q(ζf ),

vf

σvf
= −1⇔ i sin b ∈ Q(ζf ).

(35)

Clearly, (33) and (35) imply
(

Γ(a)
σΓ(a)

)f
∈ Q(ζf ) if and only if the following is true:

vf

σvf
= 1⇔

(
v

vt

)f/2
∈ Q(ζf ),

vf

σvf
= −1⇔ i

(
v

vt

)f/2
∈ Q(ζf ).
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Therefore to complete the proof of Theorem 17, we need to show that(
Γ(a)
σΓ(a)

)f
∈ Q(ζf )⇔

(
Γ(a)
σΓ(a)

)
∈ Q(ζf ).

We consider two possible cases:
First case: First let vf/σvf = 1. Then (Γ(a)/σΓ(a))f = ±(sin b)f . Hence in

this case (
Γ(a)
σΓ(a)

)f
∈ Q(ζf )⇔ sin b ∈ Q(ζf )⇔

(
Γ(a)
σΓ(a)

)
∈ Q(ζf ),

since up to sign (Γ(a)/σΓ(a)) is the product of a primitive f -th root of unity and
sin b.

Second Case: Now let vf/σvf = −1. Then (Γ(a)/σΓ(a))f = ±i(sin b)f . Hence
in this case(

Γ(a)
σΓ(a)

)f
∈ Q(ζf )⇔ i sin b ∈ Q(ζf )⇔

(
Γ(a)
σΓ(a)

)
∈ Q(ζf ),

since, up to sign, (Γ(a)/σΓ(a)) is the product of a primitive f -th root of unity and
i sin b. This proves the theorem.

We need one further reduction for the proof of Theorem 16:

Proposition 16. Let kg ∈ SKi,−i/NSKi,−i be a canonical basis class of H2(±,U),
indexed by a squarefree odd positive integer g divisible by i primes, where i is even.
Let C and C′ be two different cycles lifting kg—that is, C and C′ both represent the
same canonical basis class of H2(±,U). Let a and a′ be obtained from the bidegree
(0, 0) components of C and C′ respectively, and let a =

∑
miai and a′ =

∑
mia

′
i.

Let f be the lcm of the denominators of the ai and a′i, and assume that f is odd.
Then (

Γ(a)
σΓ(a)

)
∈ Q(ζf )⇔

(
σΓ(a′)
Γ(a′)

)
∈ Q(ζf ).

Proof. There exists a canonically lifted chain B in SK such that (∂ + δ)B = C −
C′. As before, it follows that (Γ(a)/Γ(a′))f =

√
r(sin b)f , where r is a rational

number, and b is identified with B0,1. If b =
∑
ni [bi], then sin b =

∏
(2 sinπ〈bi〉)ni .

Since B is a canonically lifted chain, therefore bi 6≡ 0 mod Z, and the lcm of the
denominators of the bi divide f . We have

sinπ〈bi〉 =
ζ2f

f〈bi〉 − ζ2f−f〈bi〉

2i
.

If σ ∈ Gal(Q̄/Q) extends σt ∈ Gal(Q(ζ2f )/Q), then

sinπ〈bi〉
σ sinπ〈bi〉

=
σi

i

ζ2f
f〈bi〉 − ζ2f−f〈bi〉

ζ2f
tf〈bi〉 − ζ2f−tf〈bi〉

= ± sinπ〈bi〉
sinπ〈tbi〉

∈ Q(ζf ).

Therefore sin b/σ sin b ∈ Q(ζf ). Also
√
r/σ
√
r = ±1. Thus

√
r(sin b)f

σ(
√
r(sin b)f )

∈ Q(ζf ).

Therefore (
Γ(a)
σΓ(a)

)(
σΓ(a′)
Γ(a′)

)
∈ Q(ζf ),
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so that (
Γ(a)
σΓ(a)

)
∈ Q(ζf )⇔

(
σΓ(a′)
Γ(a′)

)
∈ Q(ζf ).

Proof of Theorem 16, First Case. To prove Theorem 16 we first consider the case
when a represents any of the canonical basis classes of H2(±,U), indexed by a
squarefree positive integer which is the product of exactly two odd primes, say p
and q, where p < q. Our proof in this case involves Gauss’ lemma from quadratic
reciprocity. We know that a forms the bidegree (0, 0) component of a cycle C in
SK. We write C = C0,0 ⊕ C1,−1 ⊕ C2,−2, where C2,−2 = [0, pq,−2], and p < q are
odd primes. By Proposition 16 there is no loss of generality in assuming that C is
a canonically lifted cycle. From our discussion of canonical lifting, we know that

C1,−1 =

p−1
2∑
i=1

[i/p, q,−1]−
q−1

2∑
j=1

[j/q, p,−1] ,

v = Γ(∂SC1,−1) =

p−1
2∏
i=1

q1/2−i/p

q−1
2∏
j=1

p−(1/2−j/q) =
q(p−1)2/8p

p(q−1)2/8q
.

Now if σ ∈ Gal(Q̄/Q) extends σt ∈ Gal(Q(ζ2pq)/Q), then from elementary number
theory we know that vf

σvf
= (t/q)

p−1
2 (t/p)

q−1
2 , where f = pq and (t/p) and (t/q) are

the Legendre symbols of t with respect to p and q respectively. Since p−1
2 is even

(respectively odd) if p is congruent to 1 (respectively 3) mod 4, we conclude from
the above discussion that

vf

σvf
= 1 if p ≡ q ≡ 1 mod 4, or

if p ≡ q ≡ 3 mod 4 with (t/p)(t/q) = 1, or

if p ≡ 1, q ≡ 3 mod 4, with (t/p) = 1, or

if p ≡ 3, q ≡ 1 mod 4, with (t/q) = 1,

(36)

and

vf

σvf
= −1 if p ≡ q ≡ 3 mod 4 with (t/p)(t/q) = −1, or

if p ≡ 1, q ≡ 3 mod 4, with (t/p) = −1, or

if p ≡ 3, q ≡ 1 mod 4, with (t/q) = −1.

(37)

Now, to prove Theorem 16 we need to verify the equivalent criterion provided by
Theorem 17. For this we need to compute (v/vt)f/2. We have

(C − Ct)1,−1 =

p−1
2∑
i=1

([i/p, q,−1]− [ti/p, q,−1])

−
q−1

2∑
j=1

([j/q, p,−1]− [tj/q, p,−1]).

(38)
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Hence, (
v

vt

)f/2
=

qf/2
Pp−1

2
1=i i/p−〈ti/p〉

pf/2
P
j=1

q−1
2 j/q−〈tj/q〉

.(39)

Finally, we need the following proposition to complete our proof of Theorem 16.
Notice that this proposition is a direct consequence of Gauss’ lemma from quadratic
reciprocity.

Proposition 17. Let p be an odd prime and let t be an integer relatively prime to
p. Then

p

p−1
2∑
i=1

(i/p− 〈ti/p〉) ≡ 0 mod 2, if (t/p) = 1,

≡ 1 mod 2, if (t/p) = −1.

Proof. We write it/p = bit/pc + 〈it/p〉, where i = 1, . . . , p−1
2 . We also let Q =∑ p−1

2
i=1 bit/pc and p〈it/p〉 = ri. Among the integers in the set {r1, . . . , r p−1

2
}, let

ri1 , . . . , riµ be the ones that are greater than p−1
2 . Then Gauss’ lemma states

that (t/p) = (−1)µ. With Q as above, it is straightforward to show that µ ≡
(t− 1)p

2−1
8 +Q mod 2. Hence (t/p) = (−1)(t−1)p

2−1
8 +Q. Therefore, from Gauss’s

lemma,

Q = n− (t− 1)
p2 − 1

8
, where n is even if (t/p) = 1,

and n is odd if (t/p) = −1.
(40)

Therefore, from the above we have

p

p−1
2∑
i=1

(i/p− 〈ti/p〉) =

p−1
2∑
i=1

(i− (it− pbit/pc)) = −(t− 1)
p2 − 1

8
+ pQ

= −(t− 1)
p2 − 1

8
+ p(n− (t− 1)

p2 − 1
8

) by (40)

= −(p+ 1)(t− 1)
p2 − 1

8
+ pn.

But p+ 1 is even, and by (40) n is even (respectively odd) if (t/p) = 1 (respectively
−1). This proves the proposition.

Proof of Theorem 16, First Case (continued). It follows directly from (36), (37),
(39), and Proposition 17 that

vf

σvf
= 1⇔

(
v

vt

)f/2
∈ Q(ζf ),

vf

σvf
= −1⇔ i

(
v

vt

)f/2
∈ Q(ζf ).

This proves that the equivalent criterion of Theorem 17 holds, and hence proves
Theorem 16 in this case (when a lifts canonical basis classes indexed by two distinct
odd primes).
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Proof of Theorem 16, Second Case. We now turn to the case when a represents any
of the canonical basis classes indexed by four or more distinct odd primes. Here,
our proof is an easy consequence of Theorem 15.

By Proposition 16, without loss of generality, we may assume that C is a canoni-
cally lifted cycle. From Theorem 10, v = 1, and Γ(a)2 = sin a. From Theorem 15 we
conclude that (v/vt)f/2 = (1/vt)f/2 ∈ Q. Also since v = 1, therefore vf/σvf = 1.
This shows that the equivalent criterion of Theorem 17 holds, and hence proves
Theorem 16 in this case (when a lifts canonical basis classes indexed by at least
four distinct odd primes).

Let a =
∑
mi [ai] ∈ H2(±,U), let f be the lcm of the denominators of the

〈ai〉, and let f be odd. At the beginning of this section, we observed that each
a ∈ H2(±,U) gives rise to a double covering of Q(ζ4f )/Q by Q(ζ4f ,

√
sin a). Using

Theorem 16, we can now prove the following stronger result:

Theorem 18. Let a =
∑
mi [ai] ∈ H2(±,U), let f be the lcm of the denominators

of the 〈ai〉, and let f be odd. Then the following are true:
(A) Let a represent any of the basis classes of H2(±,U), indexed by odd square-

free positive integers divisible by exactly two primes. Then, for all σ ∈ Gal(Q̄/Q),
√

sin a
σ
√

sin a
∈ Q(ζ4f ).

Thus, in this case a gives rise to a double covering of Q(ζ4f )/Q by Q(ζ4f ,
√

sin a).
(B) Let a represents any of the basis classes of H2(±,U), indexed by odd square-

free positive integers divisible by at least four primes. Let C be a cycle in SK such
that C =

⊕
i+j=o Ci,j , C0,0 =

∑
mi [ai, 1, 0] and (∂ + δ)C = 0. Assume that no

term of the form [0, pq, 0] appears in C2,−2. Then, for all σ ∈ Gal(Q̄/Q),
√

sin a
σ
√

sin a
∈ Q(ζf ).

Thus, in this case a gives rise to a double covering of Q(ζf )/Q by Q(ζf ,
√

sin a).

Proof. As earlier, we may assume that ai 6≡ 0 mod Z.
(A) This is a consequence of Theorems 11 and 12, as observed earlier. We

provide another proof, using Theorem 16. From Theorem 15, in this case we have(
Γ(a)
σΓ(a)

)
= ω

( √
r

σ
√
r

)1/2f
( √

sin a
σ
√

sin a

)
,

where ω is a primitive 2f -th root of unity, and r ∈ Q. By Theorem 16, Γ(a)/σΓ(a) ∈
Q(ζf ). Also, since

√
r/σ
√
r = ±1, therefore (

√
r/σ
√
r)1/2f ∈ Q(ζ4f ). This proves

(A).
(B) From Theorem 15, in this case we have Γ(a)2f = s(sin a)f , where s ∈ Q.

Therefore (
Γ(a)
σΓ(a)

)
= ω

( √
sin a

σ
√

sin a

)
,

where ω is a primitive 2f -th root of unity. The proof of (B) now follows from
Theorem 16.
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16. The Galois group of the extension Q(ζf ,Γ(a)f )/Q

Here we want to examine the Galois group of the extension Q(ζf ,Γ(a)f )/Q.
Our results, once again, depend on the basis classes of H2(±,U), represented by
the element a ∈ H2(±,U). When a represents a basis class of H2(±,U), indexed
by two odd primes, we will demonstrate by an example that the Galois group in
question can be non-abelian. However, if a represents any of the canonical basis
classes of H2(±,U), indexed by an odd squarefree positive integer divisible by at
least four primes, then this Galois group is abelian. Our proof requires the following
result of Deligne [3]:

Theorem 19. Let a =
∑
mi [ai] ∈ H2(±,U), and assume that

∑
mi〈ai〉 is an

integer. Define

Γ̃(a) =
1

(2πi)
P
mi〈ai〉

∏
i : ai 6≡0

(Γ(〈ai〉))mi .

Let σ, τ ∈ Gal(Q̄/Q), and let σt be the restriction of σ to Q(ζf ). Then

σ

(
Γ̃(a)
τ Γ̃(a)

)
=

Γ̃(at)
τ Γ̃(at)

.

Proof. For a proof, we refer to [3], Theorem 7.18(b), page 95.

Remark. Note that the definition of the gamma monomial Γ̃(a) in Deligne’s theorem
differs from our definition of Γ(a). However, if the lcm of the denominators of the
ai is odd, then this distinction is of no consequence. In fact we have the following:

Theorem 20. Let a =
∑
mi [ai] ∈ H2(±,U). Let f be the lcm of the denominators

of the 〈ai〉, and assume that f is odd. Let σ, τ ∈ Gal(Q̄/Q), and let σt be the
restriction of σ to Q(ζf ). Then

σ

(
Γ(a)
τΓ(a)

)
=

Γ(at)
τΓ(at)

.

Proof. As before, we may assume that ai 6≡ 0 mod Z. Let w =
∑
mi〈ai〉. Directly

from the definitions, and using
∑
mi〈ai〉 =

∑
mi〈tai〉, we have

Γ(a)Γ̃(a) =
(2π)

P
mi
2

(2π)
P
mi〈ai〉(i)

P
mi〈ai〉

.

By Proposition 3,
∑
mi〈ai〉 =

P
mi
2 . Therefore

Γ(a)Γ̃(a) =
1
iw
.(41)

Since f is odd, we get from Proposition 3
∑
mi ≡ 0 mod 2, and hence w is an

integer. Using (41), we have from Theorem 19

σ

(
iw

τ(iw)

)
σ

(
Γ(a)
τΓ(a)

)
=
(

iw

τ(iw)

)
Γ(at)
τΓ(at)

.

But since w is an integer, therefore iw/τ(iw) = ±1. Therefore

σ

(
iw

τ(iw)

)
=

iw

τ(iw)
.

This proves the theorem.
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First, we use Theorem 20 to discuss the case when Q(ζf ,Γ(a)f )/Q is an abelian
extension. We have the following:

Theorem 21. Let a =
∑
mi [ai] ∈ H2(±,U), let f be the lcm of the denominators

of the 〈ai〉, and let f be odd. Assume that a represents any of the canonical basis
classes of H2(±,U), indexed by odd squarefree positive integers divisible by at least
four primes. Then Q(ζf ,Γ(a)f ) is an abelian extension of Q.

To prove Theorem 21, we need the following reduction:

Proposition 18. Let kg ∈ SKi,−i/NSKi,−i be a canonical basis class of H2(±,U),
indexed by a squarefree odd positive integer g divisible by i primes, where i is even.
Let C and C′ be two different cycles lifting kg—that is, C and C′ both represent the
same canonical basis class of H2(±,U). Let a and a′ be obtained from the bidegree
(0, 0) components of C and C′ respectively, and let a =

∑
miai, a′ =

∑
mia

′
i.

Let f be the lcm of the denominators of the ai and a′i, and assume that f is odd.
Then Q(ζf ,Γ(a)f )/Q is an abelian extension if and only if the same is true for the
extension Q(ζf ,Γ(a′)f )/Q.

Proof. There exists a canonically lifted chain B in SK such that (∂+δ)B = C−C′.
As before, it follows that (

Γ(a)
Γ(a′)

)f
=
√
r(sin b)f ,

where r is a rational number and b is identified with B0,1. Note that
√
r =

Γ(∂B1,0)f . Clearly
√
r(sin b)f ∈ Q(ζ4f ). Therefore Γ(a)f = ηΓ(a′)f , where, η ∈

Q(ζ4f ). Let σ, τ ∈ Gal(Q̄/Q). Since στ(η) = τσ(η), therefore στΓ(a)f = τσΓ(a)f

if and only if στΓ(a′)f = τσΓ(a′)f . This proves the proposition.

Proof of Theorem 21. Let σ, τ ∈ Gal(Q̄/Q), and let σt be the restriction of σ to
Q(ζf ). By Proposition 18, without loss of generality we may assume that a forms
the bidegree (0, 0) component of a canonically lifted cycle. Since a is obtained
by canonically lifting a basis class indexed by an odd squarefree positive integer
divisible by at least four primes, by Theorem 15 we have Γ(a)2f = (sin a)f and
Γ(at)2f = r2(sin at)f , where r ∈ Q. We therefore have

σΓ(a)2f = (σt sin a)f = (sin at)f = (by Thm. 12)
Γ(at)2f

r2
.

Hence,

σΓ(a)f = ε
Γ(at)f

r
, where ε = ±1.(42)

Now from Theorem 20
σΓ(a)f

στΓ(a)f
=

Γ(at)f

τΓ(at)f
.

Substituting from (42), we get

εΓ(at)f

rστΓ(a)f
=

Γ(at)f

τ(εrσΓ(a)f
=

Γ(at)f

εrτσΓ(a)f
.

Since ε2 = 1, we have στΓ(a)f = τσΓ(a)f . This proves Theorem 21.
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Remark. We know from Theorem 15 that Γ(a)f = s1/2(sin a)
f−1

2
√

sin a, where
s ∈ Q. Hence, it follows from Theorem 21 that, for all σ, τ ∈ Gal(Q̄/Q),

στ
√

sin a = τσ
√

sin a.

By Theorem 18, Q(ζf ,
√

sin a) is a Galois extension of Q. Therefore Theorem 21
implies the following:

Theorem 22. Let a =
∑
mi [ai] ∈ H2(±,U), let f be the lcm of the denominators

of the 〈ai〉, and let f be odd. Assume that a represents any of the canonical basis
classes of H2(±,U), indexed by odd squarefree positive integers divisible by at least
four primes. Then Q(ζf ,

√
sin a) is an abelian extension of Q. Therefore

√
sin a ∈

Q(ζ∞).

Proof. The first part follows from the remark above. The last assertion is a conse-
quence of the Kronecker-Weber theorem.

Example of a non-abelian Galois extension. From Theorem 18, we know
that if a represents any of the basis classes of H2(±,U), indexed by odd square-
free positive integers divisible by exactly two primes, then Q(ζ4f ,

√
sin a) is a

Galois extension of Q. We want to show by an example that in this case the
Galois group of the extension Q(ζ4f ,

√
sin a)/Q is in general non-abelian. We

turn once again to our example of the canonically lifted cycle C15, lifting the
basis class k15 = [0, 15,−2] ∈ SK2,−2/NSK2,−2 of H2(±,U). From Section 9, we
have a15 = [1/3] − [4/15] − [1/5] + [2/15], representing the basis class [0, 15,−2]
of H2(±,U), and Γ(a15)2 = 3−2/551/6 sin a15. To compute the Galois group of
Q(ζ60,

√
sin a) over Q, we use the following observation, which we state without

proof:

Proposition 19. Let k ⊂ K be a Galois extension, and let u ∈ K,u 6= 0, be
such that K(

√
u)/k is Galois. Assume that ∀σ ∈ Gal(K/k), u

σu ∈ (K×)2. Write
G = Gal(K/k) and G̃ = Gal(K(

√
u)/k). Let Gal(K(

√
u)/K) = {1, ε}, where

ε
√
u = −

√
u. For all σ ∈ G, choose vσ ∈ K× such that u = v2

σ(σu). For all
σ ∈ G, define a lifting σ̃ ∈ G̃ by vσσ̃

√
u =

√
u. Finally, for all σ, τ ∈ G, define

i(σ, τ) ∈ {0, 1} by (−1)i(σ,τ) = vσ(σvτ )/vστ . Then G̃ = {σ̃εj : σ ∈ G, j = 0, 1},
where the multiplication in G̃ is given by σ̃τ = σ̃τ̃ εi(σ,τ).

For our example we substitute k = Q, K = Q(ζ60), and u = sin a. Recall that,
by Theorems 11, and 12, for all σt ∈ Gal(Q(ζ60)/Q),

u

σtu
=

sin a
sin at

= (sin b)2,

where sin b ∈ Q(ζ60). Thus the hypothesis of Proposition 19 is satisfied. We
have Gal(Q(ζ60)/Q) ' Z2 × Z2 × Z4. We choose the generators σ37 (of order
4), and σ31, σ41 (both of order 2) for Gal(Q(ζ60)/Q). Then, from Proposition
19, Gal(Q(ζ60,

√
sin a)/Q) is generated by {σ̃31, σ̃37, σ̃41, σ̃31ε, σ̃37ε, σ̃41ε}, where

ε ∈ Gal(Q(ζ60,
√

sin a)/Q(ζ60)), so that ε
√

sin a = − sin a. To determine the group
multiplication in Gal(Q(ζ60,

√
sin a)/Q), we need to compute {i(σs, σt) : s, t =

31, 37, 41}. For this we first need vσ31 , vσ37 , and vσ41 . We note that v2
σt = sin a

sin at . We
proceed exactly as in the example following Theorem 12, and use canonical lifting
to find chains B, B′ and B′′ such that

(∂ + δ)B = C − C31, (∂ + δ)B′ = C − C37, (∂ + δ)B′′ = C − C41.
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Identifying b, b′, and b′′ ∈ A, with B0,1, B′0,1, and B′′0,1, respectively, we have
vσ31 = sin b, vσ37 = sin b′, vσ41 = sin b′′. With these computations we finally get

vσ31 = 1, vσ37 =
sin(2π/15)

2 sin(π/15) sin(4π/15)
, vσ41 =

1
4 sin(4π/15) sin(7π/15)

.

Now, using the definition of i(σs, σt), we obtain

i(σ31, σ31) = 0, i(σ31, σ37) = 0, i(σ31, σ41) = 0,
i(σ37, σ31) = 0, i(σ37, σ37) = 1, i(σ37, σ41) = 0,
i(σ41, σ31) = 0, i(σ41, σ37) = 1, i(σ41, σ41) = 1.

Using the definition of group multiplication in Gal(Q(ζ60,
√

sin a)/Q), we determine
the generators and relations. Thus

Gal(Q(ζ60,
√

sin a)/Q) = 〈{σ̃31, σ̃37, σ̃41, σ̃31ε, σ̃37ε, σ̃41ε}〉,

where ε ∈ Gal(Q(ζ60,
√

sin a)/Q(ζ60)) such that ε
√

sin a = −
√

sin a. The generators
described above satisfy the relations

ε2 = σ̃2
31 = σ̃4

37 = σ̃4
41 = 1,

σ̃−1
31 σ̃

−1
37 σ̃31σ̃37 = σ̃−1

31 σ̃
−1
41 σ̃31σ̃41 = 1, σ̃−1

37 σ̃
−1
41 σ̃37σ̃41 = ε.

Observe that the final relation listed above shows that Gal(Q(ζ60,
√

sin a)/Q) is
non-abelian.

17. Conclusion

We conclude our discussions by indicating some possible directions for further
research.

Unit index formula. From Theorem 22, we know that if a represents any of the
canonical basis classes of H2(±,U), indexed by odd squarefree positive integers
divisible by at least four primes, then

√
sin a ∈ Q(ζ∞). The

√
sin a may very well

be a new supply of abelian units. Given a as above, it is important to determine
the smallest cyclotomic extension of Q which contains the unit

√
sin a. We want

to investigate the relevance of these units to the unit index formula for cyclotomic
fields. For relevant results on cyclotomic units, we recommend the texts by Wash-
ington [9] and by Lang [7]. Let Q(ζn)+ be the maximal real subfield of Q(ζn), and
let E+

n be the unit group of Q(ζn)+. Furthermore let C+
n be the cyclotomic units

of Q(ζn)+, and let h+
n be the class number of Q(ζn)+. Sinnott [8] has computed

the index for the group of cyclotomic units of Q(ζn)+ in the full group of units E+
n .

Sinnott’s unit index formula gives[
E+
n : C+

n

]
= 2bh+

n ,(43)

where g = number of prime factors of n, b = 0 if g = 1, and b = 2g−2 + 1 − g if
g ≥ 2. There has been much interest in finding an improved version of the unit
index formula (43) that does not involve the “parasitic factors” of 2. Perhaps it is
possible to enlarge the group of cyclotomic units C+

n by adjoining the real units of
the form

√
sin a, and kill the factors of 2 in formula (43). As mentioned earlier, the

first step in this direction is to determine the smallest cyclotomic extension of Q
which contains the unit

√
sin a.



ALGEBRAIC GAMMA MONOMIALS 3593

Computing the Galois groups of Q(ζf ,
√

sin a/Q). In Section 16 we outlined
a procedure for computing the Galois group of the extension Q(ζf ,

√
sin a) over

Q. We hope to be able to provide a complete description of the Galois groups in
question.

The case when 2 | f . Here, for simplicity, we restrict ourselves to a =
∑
mi〈ai〉 ∈

H2(±,U) for which f is odd, where f is the lcm of the denominators of the 〈ai〉.We
believe that most of our results can be generalised to the case when 2 | f . This can
be achieved by fine tuning our methods and making appropriate use of the dupli-
cation formula for gamma functions. For example, by using a method analogous to
canonical lifting, we can lift the basis class

k2p = [0, 2p,−2] + [1/2, 2p,−2] ∈ SK2,−2/NSK2,−2,

of H2(±,U), and read off a2p from the (0, 0) component of the lifted cycle. In this
case we can show that

Γ(a2p)2 =
p1/4

2(p−1)/4
sin a2p.

In particular, for p = 3 we have a6 = [1/4]− [1/3]− [5/12], and therefore

1
2π

(
Γ(1/3)Γ(5/12)

Γ(1/4)

)2

=
31/4

21/2

(
sin(π/4)

2 sin(π/3) sin(5π/12)

)
.

Sufficient criterion for H1. It should be possible to show that our (necessary)
criterion for an element of A to be in H1(±,U) is also sufficient. The proof should
be quite similar to the proof of the Koblitz-Ogus criterion [4], which uses values of
the L-function at s = 0. Here too, we need to treat the case when 2 | f separately.

Elliptic and modular generalisations. Elliptic and modular generalisations of
our methods need to be investigated. Of particular interest is to determine if an
analogous theory of double coverings provides a method for generating elliptic and
modular units.
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