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ALGEBRAIC GAMMA MONOMIALS AND
DOUBLE COVERINGS OF CYCLOTOMIC FIELDS

PINAKI DAS

ABSTRACT. We investigate the properties of algebraic gamma monomials—
that is, algebraic numbers which are expressible as monomials in special values
of the classical gamma function. Recently Anderson has constructed a double
complex SK, to compute H*(+,U), where U is the universal ordinary distri-
bution. We use the double complex to deduce explicit formulae for algebraic
gamma monomials. We provide simple proofs of some previously known re-
sults of Deligne on algebraic gamma monomials. Deligne used the theory of
Hodge cycles for his results. By contrast, our proofs are constructive and rela-
tively elementary. Given a Galois extension K/F, we define a double covering
of K/F to be an extension K /K of degree < 2, such that K/F is Galois. We
demonstrate that each class a € H2(4,U) gives rise to a double covering of
Q(€0)/Q, by Q(€oo, Vsina)/Q(Csc). When a lifts a canonical basis element
indexed by two odd primes, we show that this double covering can be non-
abelian. Howewver, if a represents any of the canonical basis classes indexed
by an odd squarefree positive integer divisible by at least four primes, then
the Galois group of Q((so,Vsina)/Q is abelian and hence Vsina € Q((so)-
The Vsina may very well be a new supply of abelian units. The relevance
of these units to the unit index formula for cyclotomic fields calls for further
investigations.

1. INTRODUCTION

In this paper we investigate the properties of algebraic gamma monomials—
that is, algebraic numbers which are expressible as monomials in special values of
the classical gamma function. The classical gamma function satisfies the following
well-known functional equations:

() D(s+1) = sT(s),
(2) D)L —8) = ——.

n—1 s+1
).

3) (2m) " nd—T(s) = [ I
1=0

n
These functional equations can be used to show that various products of special

values of the gamma function are algebraic. For example, ([3) tells us that the
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gamma monomial
I'(2/15)'(5/15)I'(8/15)I"(11/15)T"(14/15)
r(2/3)r(1/2)*
is algebraic. However, algebraic gamma monomials also arise in more subtle ways—
that is, not as “ Z-linear combinations of ([I)), (Z) and ([B)”. For example,

r(1/3)0(2/15) _ 31/55_1/12\/5111(477/15) sin(7/5)
I'(4/15)I'(1/5) sin(7/3) sin(27/15) "

In fact the square of the above relation is a Z-linear combination of (), () and (3.
In the sequel we will describe a method for generating such monomial relations.
First we give a quick tour of the research that has been conducted in this area.
Details will appear later in the sequel.

=4.5716

Koblitz - Ogus. Let A be the free abelian group generated by symbols of the
form [a], where a € Q/Z. Let a =>_m;[a;] € A . We write

ro- 11 (75)
it ai0 I'({as))
Here (a;) is the smallest positive rational number representing the class of a; in Q/Z.
Koblitz and Ogus [4] have shown that I'(a) is algebraic if Y m;{a;) = > m;(ta;) for
all t € (Z/fZ)*, where f is the lem of the denominators of the (a;) (the (a;) are in
their lowest terms). The converse of this is a major unsolved conjecture (Rohrlich’s
conjecture) in transcendental number theory.

Sinnott, Kubert. Building on Sinnott’s ideas from [§], Kubert [5, [6] computed
H*(£,U), where U is the universal ordinary distribution (see Section [ for the def-
inition). Kubert showed that H?(+, U) can be identified with the torsion subgroup
of U™, where U~ is the universal odd distribution. It follows from Kubert’s result
that a € H?(+,U) if and only if a satisfies the Koblitz and Ogus internal sum
criterion given above. In particular, if a € H?(+,U), then I'(a) is algebraic.

Deligne (connections with algebraic and arithmetic geometry). Any a €
H?(+,U) which is “effective and integral” gives rise to a Hodge cycle on a Fermat
hypersurface. Deligne [2] 3] showed that the Hodge cycle related to a is “absolutely
Hodge”. This led to the proof of Deligne’s reciprocity law which relates algebraic
gamma monomials and Jacobi sum Hecke characters.

Anderson’s double complex. Recently Anderson [I] has constructed a double
complex SK such that Hy and H; of the total complex Tot(SK) can be identified
with H?(4,U) and H!(4, U) respectively. SK is generated as a free abelian group
by symbols of the form [a, g, n], where a € Q/Z, g is a square-free, positive integer,
and n is any integer. The free abelian group SK is bigraded by declaring the
generator [a, g,n] to be of bidegree (m,n), where m is the number of prime factors
of g. Using the double complex, it is possible to define a canonical Fs-basis for
H*(+,U). In fact, the canonical Fo-basis for H?(+,U) is indexed by squarefree
positive integers with an even number of prime divisors.

Summary of results. We begin by deducing certain homological results concern-
ing the structure of the double complex. We prescribe a “canonical lifting” proce-
dure for lifting generators to cycles representing non-trivial elements in H?(+, U).
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Using canonical lifting, we deduce explicit formulae for the algebraic gamma mono-
mials under consideration. Canonical lifting makes it possible, for example, to write
Maple codes for performing computations with algebraic gamma monomials.

We define sina = J[; ,.o(2sinm(a;))™, where a = 3 m; [a;] € H?(+,U), with
notation as earlier. We show that (I'(a))?f/(sina) is the square root of a rational
number, where f is the lem of the denominators of the (a;). We assume that f
is odd for simplicity. (It should not be difficult to extend our results to the case
when 2 | f). Using the Koblitz-Ogus criterion, we show that the factorization of
this rational must possess an even number of primes congruent to 3 (mod 4). This
gives a simple proof (without the use of Hodge cycles) of the fact (due to Deligne
[2]) that Q(¢f,T'(a)) is a Kummer extension of Q({y).

We deduce a necessary criterion for an element of A to be in H'(+,U), similar
in spirit to the Koblitz-Ogus criterion for elements in H?(+,U). Using this, we
are able to provide a simple proof of the fact (Deligne [2]) that Q(¢r,T'(a))/Q is
a Galois extension, and depends only on the class of a in H?(4,U). When a lifts
a canonical basis element indexed by two odd primes, this proof involves Gauss’
lemma, which appears in the proof of the quadratic reciprocity law. When a lifts a
canonical basis element generated by four or more odd primes, the proof relies on
our necessary criterion for H*(+,U).

Given a Galois extension K/F, we define a double covering of K/F to be
an extension K /K of degree < 2, such that K/F is Galois. Thus we demon-
strate that each class in H?(%,U) gives rise to a double covering of Q({x)/Q,
by Q(¢, Vsina)/Q((s). When a lifts a canonical basis element indexed by two
odd primes, we show that this double covering can be non-abelian. However, if a
represents any of the canonical basis classes indexed by an odd squarefree positive
integer divisible by at least four primes, then the Galois group of Q((eo, Vsina)/Q
is abelian and hence v/sina € Q((x). The proof of this uses mostly the tech-
niques and results described above. However, there is a crucial step which involves
Deligne’s reciprocity and hence relies on the theory of absolute Hodge cycles.

2. THE UNIVERSAL ORDINARY DISTRIBUTION

We list the main features of ordinary distributions used in the sequel. For a
detailed discussion of these and other results, we refer to the papers by Kubert
[5, 6], and the texts by Lang [7] and Washington [9, chapter 12]. First, we make
the following definitions:

Definition 1. Let A be the free abelian group generated by symbols of the form
[a], where a € Q/Z. Let U be the quotient of A by the subgroup generated by all
elements of A of the form [a] =3, [b], where n is a positive integer and a € Q/Z.
Define u: Q/Z — U to be the map induced by a — [a] : Q/Z — A. Then u is the
universal ordinary distribution. By abuse of language, the group U itself is also
referred to as the universal ordinary distribution.

Definition 2. Let A be as above. Define U~ to be the quotient of A by the
subgroup generated by all elements of A of the form [a] — ", [b], along with all
those of the form [a] + [—a], where n is a positive integer and a € Q/Z. Define
u”: Q/Z — U~ to be the map induced by a — [a] : Q/Z — A. Then u~ is the
universal odd distribution. By abuse of language, the group U™ itself is also referred
to as the universal odd distribution.
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Similarly we define the universal even distribution UT to be the quotient of A
by the subgroup generated by all elements of A of the form [a] — 3", [b], along
with all those of the form [a] — [—a], where n is a positive integer and a € Q/Z.

We note that the two-element group {£1} acts naturally on U, since the invo-
lution [a] — [—a]: A — A descends to U. Building upon the work of Sinnott [g],
Kubert [Bl 6] computed the cohomology groups H*({£1},U). In the sequel we will
use + to denote the two-element group and write the cohomology groups described
above as H*(+,U). Kubert proved the following propositions:

Proposition 1. The universal ordinary distribution U is a free abelian group.

Proposition 2. One has the following canonical isomorphisms:
(Torsion)U~ = H*(+,U) and (Torsion)UT = H'(+,1).

Remark. Let ¢: U — U be the involution of U induced by the involution [a] —
[-a]: A — A. Then, it can be shown that the first canonical isomorphism in
Proposition[2 is explicitly given by

ker(1—c: U — 1) c U

=U".
image(l4+c¢: U—U) ~ image(l+c: U — 1)

H?*(+,U) =

Similar comments also apply to UT.
In the sequel we will often abuse notation and write
a= Zmz [az] S Hz(i,U).

By this we precisely mean that a is first identified as an element of U, by taking
its image modulo the subgroup generated by all elements of A of the form [a] —
Y nbea [b], along with all those of the form [a] + [—a]. This image of a in U is then
identified with an element of H?(4,U), with the help of the canonical isomorphism
described above. That is, the image of a in U, modulo image(1 + ¢: U — U),
lies in ker(1 — ¢: U — U). Similarly we will often abuse notation and write b =
> oni[b;] € H(+,U). Finally, if a = > m; [a;] € H?*(£,U), we may assume, for the
questions considered in this paper, that no a; is 0; precisely, if a’ is formed from
a by removing the terms for which [a;] = [0], then a’ also lies in H?(4,U) and
I'(a) =T(a’).

3. THE DOUBLE COMPLEX SK

The results in this section are due to Anderson. We describe the main features
of the double complex that are used in the sequel. For more details we refer to
Anderson [1].

Let SK be the free abelian group generated by symbols of the form

A [a,qg,7], where a € Q/Z, and g and j are integers,

) with g positive and squarefree.

We bigrade the free abelian group SK by requiring [a, g, j] to belong to the

bidegree (i,j) component SK; ; of SK, where 7 is the number of prime factors of g.
We also let A be the polynomial ring over Z in independent variables X, indexed

by the prime numbers p. For all positive integers n, we define X,, € A by

Xn = H X;Zv where n = pr,
' i
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is the prime factorisation of n. Note that the collection
{X,: n a positive integer}

forms a basis for A as a free abelian group.
We prescribe a A-module structure on SK, by defining

Xn [aag7j] - Z [bagaj] >
nb=a
for all positive integers n, where [a, g, j] runs through the basis [ ). It can be shown
that SK; ; is A-stable and free as a A-module.
We define a A-linear differential ¢ of bidegree (0, —1) by

(5) d [a’vgvj] = (—1)1([0,,9,] - 1] - (_1)j [—a,g,j - 1])7

where [a, g, 7] runs through the basis @), and (, 7) is the bidegree of [a, g, j].
We also define a A-linear differential 0 of bidegree (—1,0) by

(6) 8[a,g,]]:ZE(g,p)(1—Xp) [a’7g/p7]]v

plg
where [a, g, j] runs through the basis (@), and the sum is over all prime divisors p
of g. The term €(g, p) is defined as follows. If the prime factorisation of g is

g=D1.-.Dm, withp <--+ < ppn,
then we define A
e(g,p) = (—1)", where p = p; for some .
It can be shown from these definitions that 62 = 0 and &2 = 0. Furthermore
6 = —60, sothat (9+0)*=0.
We let Tot(SK) denote the total complex of SK, with the differential
(0+9): Tot,(SK) — Tot,,_1(SK),

of total degree —1. We will also write (SK, 9 + ¢) to denote the total complex of
SK with the differential described above.

We now define NSK to be the subgroup of SK generated by S(a, j) [a, g, j], where
[a, g, j] runs through the basis @), and

Bla,j) =2 if 2a =0 and j is even,
=1 otherwise.

It can be shown that NSK is both é-stable and 0-stable, and so (04 0)-stable, i.e.
ONSK + éNSK C NSK. Furthermore, it can be shown that NSK is (0 + §)-acyclic.
With notation as described above, Anderson proves the following theorems, which
we will use in the sequel.

First we let Hy(SK, 9) denote the edge complex derived from SK—that is, the
graded abelian group whose term in degree n is the cokernel of 9: SK; , — SKo »,
equipped with the differential induced by 6. Then Hy(SK, 9) is canonically isomor-
phic to the complex

1;0 1<ic 1;0

degree 0 degree 1 o

where ¢: U — U is the involution of U as discussed earlier. Thus Ho(Hy(SK, 9),0)
is canonically isomorphic to the torsion subgroup of U~. Using this, Anderson
derives the following isomorphisms:
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Theorem 1. There exist canonical isomorphisms
H2(:|:a U) = HO(HO(SKv a)v 6)
= Hy(SK, 9 + 0) = Ho(SK/NSK, 0 + 9).

Similarly, for H!(4,U) we have the following:

Theorem 2. There exist canonical isomorphisms
Hl(i7 U) = H—l(HO(SKa 8)) 6)
=H_;(SK,0+ ) = H_1(SK/NSK, 9 + §).

In fact Anderson showed that for, all positive integers ¢ and i’ such that i’ =4
mod 2, we have canonical isomorphisms H'(+,U) = H;(SK, 0 + 6), and therefore
H(+,U) = H;(SK/NSK,d + §). Finally, the canonical Fo-basis for H*(=+,U) is
constructed as follows:

Theorem 3. Given a squarefree positive integer g with i prime factors, we define
k’g S SKi,_i/NSKi7_i by

kg =10,9,—14], ifg is odd and i is even,
=10,9,—i—1], ifg is odd and i is odd,
=10,g9,—i]+[1/2,9,—i], ifg is even and i is even,

=

0,9, —i—1]+1[1/2,g9,—i— 1], if g is even and i is odd.

Then the collection {kgy}, for g ranging over squarefree positive integers with an
even number of prime factors, forms an Fa-basis for Ho(SK/NSK, 9 + ). On the
other hand, the collection {ky}, for g ranging over squarefree positive integers with
an odd number of prime factors, forms an Fo-basis for H_1(SK/NSK, 0 + 9).

Remark A. Theorem[3 along with the isomorphisms from Theorems[land B, makes
the double complex a very useful tool. For computational purposes, these results
imply that cycles in SK lift classes belonging to the torsion subgroup of U*. This
is illustrated in Section [@, where, given distinct odd primes p and ¢, with p < q,
we lift the generator k,q = [0, pg, —2] € SKz _2/NSK5 _2 to a (9 + d)-cycle in SK.
From the bidegree (0,0)-component of the lifted cycle, we read off the element a,,
belonging to the torsion subgroup of U~.

Remark B. Given a positive integer f, let SKY) be the subgroup of SK generated
by all symbols of the form [a, g, j|, where a € %Z/Z7 7 is any integer, and g is a

squarefree positive integer dividing f. Also let NSKY) = NSK N SK), and let
A) be the subgroup of A generated by symbols of the form [a], where a € %Z/Z.

Let UY) be the quotient of A() by the subgroup generated by all elements of A()
of the form [a] —>° ,_, [b], where p is a prime number dividing f and a € £Z/Z.
Then it can be shown that there exist canonical isomorphisms

H?(+,U0Y)) = Hy(Ho(SK'D, ), 6)

= Ho(SKY) 8+ 8) = Hy(SKY) /NSKW), 0 + 6),
HY(+,0Y)) = H_,(Ho(SK'Y, 0),6)

=H_(SKY,8+6) = H_,(SKY)/NSK), 9 4 5).
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Since direct limits commute with homology, by taking direct limits over the set
of all odd integers we have the following canonical isomorphisms:

H?(4,0C)) = Hy(Ho(SK©Y ), 6)

= Ho(SKC 9+ §) = Hy(SKCY /NSKCID 5 + 6),
H' (£, 00y = H | (Hy(SK©Y 9), 5)

= H_(SK© 9+ 6) = H_;(SK©/NSK D 9 4 5),

where SK©19 is the subgroup of SK generated by all symbols of the form [a, g, j],
where j is any integer, g is odd, positive and squarefree, and a € Q/Z, with the
denominator of (a) odd. The symbols NSK©? and U©dd) are defined similarly.
In the sequel we will often consider the following situation:

Let a =Y m; [a;] € H*(£,U), and let f be the lem of the denominators of the
(a;). For simplicity we will assume that f is odd. Let C be a cycle in SK such that

C= @ C@j, with 0070 :Zmi [ai,l,O] and (8—1—6)0:0
i+5=0
With this hypothesis, the above discussion shows that we may assume that C' is a
cycle in the subcomplex SK Y of the double complex SK.

4. SOME HOMOLOGICAL RESULTS FOR THE DOUBLE COMPLEX SK

In this section, we define a vertical shift operator S, acting on the double complex
SK. For all primes p, we also define a diagonal shift operator A,, acting on the
double complex SK. We compute the anticommutator of S with the differential
(0 + 0) of the total complex. We also demonstrate that for each prime p, (0 + §)
commutes with A,. These results form the building blocks of our structure theorems
for algebraic gamma monomials.

Definition 3. We define the vertical shift operator S: SKy, n, — SKy, nt1, by the
rule
S:la,g,n) — (=1)"[a,g,n+ 1],

where m = number of prime factors of g.
Note that S is A-linear and induces the map S: T0ty, 11 (SK) — T 0t 4n+1(SK).

Theorem 4. Let S be the vertical shift operator defined above. Let O and § be the
differentials for SK of bidegrees (—1,0) and (0, —1) respectively (as defined earlier).
Note that O+ 6 : Toly4n(SK) — Toty+n—1(SK) is the differential of degree —1 for
the total complex of SK. Then the anticommutators of S with §, 0 and (0 + §) are
as follows:

5S+86=2,  9S+89=0, (9+0)S+S(0+5)=2.

Proof. Tt is enough to prove these relations for the operators in question acting on
any generator [a, g,n| € SK,, », where m is the number of prime factors of g. From
the definitions of § and S we have

0S[a,g,n] =06(-1)"[a,g,n + 1]
= (=)"™(=)"([a,9,n] = (~1)"* [~a,g,n])
= [aagan] + (_1)n [_aa.g?n] .
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Similarly,
Séa,g,n] = [a,g,n] — (—=1)" [—a,g,n].
It follows that 5 + S§ = 2. Next, from the definitions of 9 and S we have:

a8 [a’vgvn] = a(_l)m [a’ag7n+ 1] = (_:UmZe(g’p)(l - X;D) [a’7g/p7n+ 1] .

plg
Similarly,
S0[a,g,n] = (1) e(g,p)(1 — Xp) [a, g/p,n +1].
plg
It follows that 0S + SO = 0. The last relation is obvious. O

Definition 4. Given any prime p, we define the diagonal shift operator A,:
SKp,n — SKp—1,n+2 by the following rule:
For any [a, g,n] € SK,,, », where m is the number of prime factors of g, set

Ap: fa,g,n]— 0, if ptg.
If p| g, then p = p, (say), where the prime factorisation of g is

g=pip2- - Pr- Pm, With pr <py <. <pp <o <.
In this case set
Ay la,g,n) — (=1)"T" " [a,g/p,n +2].
Note that A, is A-linear and induces the map

Api TOtm+n(SK) — TOtm+n+1(SK).

Theorem 5. For any prime p, let A, be the diagonal shift operator defined above.
Let O and § be the differentials for SK of bidegrees (—1,0) and (0, —1) respectively
(as defined earlier). Note that O+ §: T oty +n(SK) — Totm4n—1(SK) is the differ-
ential of degree —1 for the total complex of SK. Then A, commutes with 0, § and
(04 9), ie.,

A, =70, A=A, (04 08)A, = A0 +0).

Proof. Tt is enough to prove these relations for the operators in question acting
on any generator [a,g,n] € SK,, ,. The proof is obvious if p t g. If p | g, then
p = pr (say), where the prime factorisation of g is ¢ = pip2 Py Pm, with
p1 <p2 < -+ <pr << pp. Then 0A,[a,g9,n] = (=1)"T""da,g/p,n+ 2].
Therefore, from the definition of 9,

(7)
r—1

04, [a,g,n] = (=1)" ™" ( Y (=11 = Xp,) [a,g/piprsn +2]

i=1

S (L1 - Xy 0 g /pipen + 21).
j=r+1
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Again A9 [a,g,n] = Ay, St (—1)(1 — X,,) [a, g/pi, n]. Therefore,

80,0 = By, 3 (1)1 = X, [ /i)
© 480, (1) (1= X, [ /]
+Ap, Z (_1)j(1 - ij) la, g/pj,n] .
J=r+1

Hence from the definition of A, _, we have

r—1
Apdla,g.n] = (1) ITD N 1)1 - Xp,) [0, 9/piprsn + 2]
i=1

(9) +0
+ (=) N (=1 (1 = X,) a, g/pipen 42
J=r+1

Comparing (7) and (9), we have 9A, = A,0. Again,
5AP [aa g, ’I’L] = (_1)n+m—r6 [a7 g/pv"v n+ 2] .
Therefore,

(10)
5AP [a’a g7 TL]

= (=)=t < [a,9/prn+1] = (=1)""* [~a, g/pr,n + 1] > '
Simplifying the above, we get

(11)
0N, [a, g,n]

= (_1)n+2m—r—1 ( [a,g/pr, n+ 1] _ (_1)n [_a,g/pmn + 1] )
Also Apdla,g,n] = A, (-1)"([a,g,n — 1] — (—=1)" [—a, g,n — 1]). Therefore,
(12)

AP(S [a’a g7 TL]
= 1 (g4 1= (D" g/ 1)
From (1) and (I2) we have A, = A,d. The last relation is obvious. O

5. THE SQUARE OF AN ALGEBRAIC GAMMA MONOMIAL

Given an element a € A, we first define the gamma monomial and the sine
monomial corresponding to a, as follows:

Definition 5. Let a = > m;[a;] € A (m; € Z, and a; € Q/Z). We define the
corresponding gamma monomial to be

\/ﬂ m;
=11 <r<<ai>>> /

i a; Z0
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where (a;) is the smallest positive rational number representing the class of a; in

Q/Z.

Definition 6. With notation as above, the sine monomial corresponding to a is
defined to be

sina = H (2sinm{a;))™.

i a; Z0

If > m;ai, gi,n] € SKpn, where m is the number of prime divisors of each
gi, we will often write T'(>_ m; [a;, gi,n]) to mean the algebraic gamma monomial
corresponding to a = > m; [a;]. By sin(>_ m; [ai, gi, n]) we mean the sine monomial
corresponding to a = > m;[a;]. Using the above notation and the homological
results of the preceding section, our goal here is to derive an expression for the
square of an algebraic gamma monomial corresponding to some a € H?(4,U). We
have the following:

Theorem 6. Let a = Y m;[a;] € H*(£,U), and let f be the lem of the denomi-
nators of the {a;). Then

P(a) = r(sina),
where r € Q.

Proof. From the definition of I'(a) it follows that without loss of generality we may
assume that, for all 7, a; # 0 mod Z. We know that a forms the bidegree (0,0)
component of a cycle C' in SK such that C =@, ;_( Cij, Coo = > m;[a;,1,0],
and (0 +0)C =0. Let Cy,_1 = > n; [b;, pi, —1]. By Theorem/[4],

(0 + 6)SC + S(8 + 6)C = 2C.

Since C'is a cycle, (0+0)SC = 2C. Therefore 2Cy o = 65Cy o+ ISC1,—1. Observe
that F(QCO’()) = I‘(a)2.

Now from the definition of the differential 0 and Gauss’ functional equation for
the classical gamma function, we have

F(as [blap’u _1]) = pi/2_<b7>

From the definition of the differential § and Weierstrass’ functional equation for the
classical gamma function, we have

T'(6S [ai, 1,0]) = 2sin7(a;).
It follows from these observations that

I'(a)? = (Hp;”(l/%(b"))) sina.

Therefore T'(a)?/ = \/r(sina)’, where r = Hpm(f_Qf(bm is a rational number. O

(3

6. THE KOBLITZ-OGUS CRITERION FOR ELEMENTS IN H?(4,U)

Let A be the free abelian group generated by the symbols [a], where a € Q/Z.
Leta=> m;a;] € A .

Definition 7. We define the internal sum of a as follows:

Internal Sum of a = Zmi<ai>.
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Let f be the lem of the denominators of the a;, and let t € (Z/fZ)™. (Equiva-
lently, let ¢ be an integer relatively prime to the denominators of the a;.) Note that
(Z/fZ)* acts naturally by internal multiplication on the subgroup of A generated
by the symbols [a] such that a € %Z/Z.

Definition 8. We define a’ to be the image of a under internal multiplication by

t. Thus
al = Z m; [ta;] .
The following theorem is due to Koblitz and Ogus:

Theorem 7. With notation as above, I'(a) is algebraic if
Zmi<ai> = Zmi<tai) for allt € (Z)fZ).

Remark. For a proof of this we refer to [4]. Note that the theorem says that any
a € A gives rise to an algebraic gamma monomial if its internal sum is invariant
under the action of (Z/fZ)™. We will refer to this criterion for internal sums as the
Koblitz-Ogus criterion. We also mention that the converse of this theorem is a ma-
jor unsolved conjecture (Rohrlich’s conjecture) in transcendental number theory.
As mentioned earlier, Kubert (building on Sinnott’s ideas) computed H*(+,U),
where U is the universal ordinary distribution. Kubert showed that H?(4,U) can
be identified with the torsion subgroup of U™, where U~ is the universal odd dis-
tribution. The following theorem follows from Kubert’s result:

Theorem 8. With notation as above,
ac H (£, U) & > mifa;) = mylta;)

for all t € (Z/fZ)*. In other words, a € H?(+,U) if and only if a satisfies the
Koblitz-Ogus internal sum criterion.

Proof. For a proof of the sufficiency of the Koblitz-Ogus criterion in the above
statement, we refer to [4]. The necessity of the Koblitz-Ogus criterion follows easily
from the double complex. We sketch this below: Since a € H?(&,U), therefore a
forms the bidegree (0,0) component of a cycle C' in SK such that C' = @, ;_, Ci,j»
Coo = Y m;la;, 1,0], and (0 4+ 0)C = 0. Write C1,—1 = > n; [bi,pi, —1]. Let
t € (Z/fZ)", and let C* = @ Cf’j be the cycle obtained from C by internally
multiplying by ¢. Thus

C&O = Zmi [ta;,1,0] and C’i_l = Zni [tbi, piy —1].

From the definition of 0, we have

i+j=0

pi — 1
5

Internal sum of 9C,—; = Internal sum of 80{7_1 = Z n;
From the definition of §, we have
Internal sum of §Cp g = 2 Zmi<ai) — Z ms,
Internal sum of 6Cf o = 2 Zmi@ai) - Z m;.
Since 6Cp o = —0Cy,_1 and 50870 = —80{7_1, we have > m;(a;) = > m;{ta;). O
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Remark. The following observation about internal multiplication of cycles will be
used often in the sequel. Let C and C* be cycles in SK, as in the proof of Theorem[J
above. From Theorems [Iland [2 it follows that internal multiplication acts trivially
on cohomology. Therefore C — C* is a boundary in SK. Hence there exists a chain

B in SK such that B =€, ;_, Bij and (0 +0)B=C - C".

7. KUMMER PROPERTY OF THE EXTENSION Q((f,T'(a))/Q(¢y)
We first prove the following proposition, which is a consequence of the Koblitz-
Ogus criterion. The proposition itself will prove to be extremely useful for our

future results. Here we make use of it in proving that Q({s,I'(a)) is a Kummer
extension of Q(¢y).

Notation. In the following ¢ will be used both as a subscript and as a complex
number, and which it is will be clear from the context.

Proposition 3. Leta =Y m;[a;] € H*(%,U), and let f be the lcm of the denom-
inators of the (a;). Assume that a; #0 mod Z. Then

Qmeaz} = Zmi.
Therefore if 21 f, then Y m; =0 mod 2.
Proof. Internally multiplying by —1 and using the Koblitz-Ogus criterion, we have
>omgla;) =Y, mi(1 — (a;)). Hence > m; = 2> m;{a;). Obviously if 2 1 f, then

As a consequence of the above we have the following:

Proposition 4. Let a = Y m; [a;] € H*(4,U) (a; 0 mod Z), let f be the lem
of the denominators of the (a;), and assume that f is odd. Let C be a cycle in SK
such that C' = @, ;_ Ci,j, with Coo = >_m;[a;,1,0] and (9 +0)C = 0. From
Remark B following Theorem [8 we may assume that C is a cycle in the subcomplex
SK“ of the double complex SK. Let

Cl,—1=Zm [bis pis — +Zn Ly, —1],

where p; =3 mod 4, p;- =1 mod 4. Then > ,n; =0 mod 2.
Proof. We have 6Cp g + 0C1,—1 = 0. Taking internal sums of both sides, we get

QZmi<ai>_Zmi+Znipi Z ,p]

By 1= m0d2and£/7'2;15
0 mod 2, we have > n; =0 mod 2. O

We are now ready to prove the following theorem of Deligne [3]:

Theorem 9. Let a =Y m;[a;] € H*(&,U), let f be the lem of the denominators
of the a;, and let f be odd. Then (I'(a))* e Q(¢y). Therefore, Q(¢s,I'(a)) is a
Kummer extension of Q((y).

Proof. Recall that by definition
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Therefore without loss of generality we may assume that, for all 4, a; Z0 mod Z.
We use the same notation as in Proposition @] above. As in the proof of Theorem

Bl we have
r(a)? = (T ) (TTpy" > ) sina

Since the denominators of b; and b} divide f, and since 21 f, it follows that

F(a)Qf =T (Hp?i(l/z)) ( p;n;(l/Q)) sin a,

where r is a rational number. Now Y m; is even, by Proposition Bl Hence sina €

Q(¢y). Also, each p}l/z € Q((y), since pi =1 mod 4. Furthermore each ipit/? e

Q(¢y), since p; =3 mod 4. By Proposition @] > n; is even, therefore Hp:-”(l/Q) €

Q(¢y)- Hence I'(a)* € Q(¢y)- O

Remark. The Kummer property of the extension Q(¢¢,I'(a))/Q(¢r) was proved by
Deligne in [3], using the theory of absolute Hodge cycles. Our proof, using the
double complex, is constructive and relatively elementary.

8. CANONICAL LIFTING

In this section we prescribe an algorithm for computing a € H?(+,U), given
any of the canonical basis classes of H?(4,U), indexed by a squarefree odd positive
integer divisible by an even number of primes. The same algorithm also computes
elements of H'(4,U), given any of the canonical basis classes of H'(4,U), indexed
by a squarefree odd positive integer divisible by an odd number of primes. Since
our method provides a uniquely determined cycle in the double complex SK, lifting
a given basis class, we call this the canonical lifting of the basis class. We often call
the cycle thus obtained a canonically lifted cycle. The method is as follows:

Fix [0,g,—n| € SK, where g is a squarefree positive integer divisible by n odd
primes, where n is even. We want to construct a cycle C' in SK such that

C:@Ci,—i7 Cn,—n = [O,g,—n], (8+5)C:0
=0

We compute C by a diagram chase through the double complex SK. Note that if
[b,g/p, —n + 1] appears in Cp,—1,_p+1, then

d1b,g/p,—n+1] = —(b,g/p, —n] + [1 = b,g/p, —n]).

Observe that there are two possibilites: (1) (b) < 1/2 and (1 —b) > 1/2, or (2)
(b) > 1/2 and (1 —b) < 1/2. Since 6Cp—1,—n+1 = —0Cy, _y, we therefore prescribe
that C},_1,—n41 be obtained by retaining all terms in 0C,, _,, with corresponding
entries strictly less than 1/2. In other words, suppose

OCp, =Y _ milci,h,—n,

where h is of the form g/p, for some prime factor p of g. Then for Cj,_1 41 We
prescribe the lifting

Crtmn1 = ()" Y _mj[ej b, —n +1],
i
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where the summation is over all j for which (¢;) < 1/2. To compute C' we now
proceed inductively. Having constructed a lifting for Cj, _j, we write

8Ck,—k = an [di7w7 _k] B

where w is a squarefree positive integer having k — 1 prime factors (which are also
prime factors of g). Then for Cy_1,_r+1 we prescribe the lifting

Crt,—hi1 = (=1)" > nj[dj,w,—k + 1],
j

where the summation is over all j for which (d;) < 1/2. By construction, we thus
obtain a unique cycle C' with each entry strictly less than 1/2. Note also that, by
construction, the denominator of each entry divides g.

Remark. Note that the same construction applies to the lifting of basis classes of
H'(4,0), i.e., when n (the number of prime divisors of g) is odd. Since these
constructions will be extremely useful in the sequel, we summarise our results in
the following proposition:

Proposition 5. Let [0, g, —n] € SK, where g is a squarefree positive integer divisi-
ble by n odd primes. Also let SK(<2) pe the subcomplex of SK generated by symbols
of the form [a, h,t] such that 0 < (a) < 1/2. Then there exists a unique cycle C' in
SK, with C — Cp,—p, € SKK%), such that

CZ@ 1,—1% Cn,—n = [Oaga_n]7 (8+6)C:0
=0

We call C the canonically lifted cycle, lifting the basis class [0, g, —n].

In the following section we will use canonical lifting to derive explicit formulae
for the squares of algebraic gamma monomials. First we prove a general result for
canonically lifted cycles.

Proposition 6. Let a =Y m;[a;] € H*(4,U) (a; 0 mod Z). Let f be the lem
of the denominators of the {(a;), and let f be odd. Suppose {(a;) < 1/2 for all i (this
is true if a forms the bidegree (0,0) component of a canonically lifted cycle). Then

Zmi<ai):0 and Zmi:O.

Proof. Since (a;) < 1/2, therefore (2a;) = 2(a;). Hence, by the Koblitz-Ogus
criterion, Y m;{a;) = Y 2m;{a;), so that > m;{a;) = 0. Also, since a; # 0, from
Proposition B we see that Y m; =25 m;{a;) = 0. O

The following results about cycles in SK will often prove to be useful in later
results.

Definition 9. Let C' = ®i+j=0 C;,; be a cycle in SK. Given a squarefree positive
integer g divisible by k primes, we write C,_j as

Ck,fk = Zni [ai;ga _k] + Zm] [bjagja _k] 5
i J
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where the g; are squarefree positive integers divisible by k primes, such that g # g;
for all j. With this notation, we define the g-component of C, _j to be

C}E;q_}k = Zni [aiaga _k]

Remark. We use braces around g to differentiate this case from our earlier notation
C,tcﬁ «» which denotes internal multiplication by ¢. Note that we can express Cj _p

C{g}

as a sum of its g-components as Cy, _j = Z "7 . We have the following:

Proposition 7. Let C =@, ;_,

integer g, let C’,i’{}k be the g-component of Cy,—r, as described above. Then Cy _j =
Zg C,i,g_}k. For fized g let C,ig_}k = >, nilai, g, —k]. Then, if k is even,

Z’I’Li [az] S Hz(i,U).

i

C;,; be a cycle in SK. Given a squarefree positive

In particular, in this case if we write Cy,_ = > m; [b;, g;, —k], then
> mj[bj] € H*(&,0).

Proof. The proof is an easy consequence of Theorem Bl By definition

Ck,—k = an lai, g, —k] + ij [bj, 95, k]
_C{g}k+zm] ]79]5_ ]a

where the g; are squarefree positive mtegers, divisible by k primes, such that for
all j, g # g;. Let the prime factorisation of g be g = pip2-- - pg, with p1 < p2 <
- < pg. Consider the chain D in SK given by D = A, A,, --- AppC. Recall
that A, induces the map A, : Toty 10 (SK) — T0tm4n+1(SK). Therefore we have
D=, j—x Di;- By Theorem [, (9 +6)A, = A,(0 + 9); therefore (9 +6)D =
Thus D is a chain in SK. Since A, [b,h,n] = 0, if p 1 h, it follows that for all j,
Ap Ay, - Apy [bj, g5, —k] = 0, since g # gj. Therefore Do) = 1, n;lai, 1, k],
where n = £1, and is determined by the product of the signs which appear from
each application of A,, in A, A, ---Apg [ai, g, —k]. From the definition of A,
we find that n = (—1)°7F(=1)=¢k-D(—1)2=E=2) .. (—1)k=1=(1) = (—1)7*. In
particular if & is even, then = 1, and Do = ), n;[a;, 1,k]. From the theory of
the double complex, since k is even, the cycle D € Hy(SK, 9+ 6) = Ho(SK, 9 + 9).
Therefore from Dy, we read off Y, n; [a;] € H?*(+,U). The last statement of the
proposition is obvious. [l

Along the same lines, we also have
Proposition 8. Let C =, ;_
integer g, let C,i,g_}k be the g-component of Cy, 1, as described above. Then Cy, _j =
>4 C,i,g_}k. For fixed g let C,ig_}k =Y. n;lai,g,—k]. Then, if k is odd,

> nila;] € H' (&, ).

C;,; be a cycle in SK. Given a squarefree positive

In particular, in this case if we write Cy,_, = > m; [b;, g;, —k], then

> mj bl € H'(+,0).
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Proof. The proof is exactly similar to the proof of Proposition [7 above. O

9. USING CANONICAL LIFTING TO DETERMINE I'(a)?

In this section we use canonical lifting to compute I'(a)?, where a € H?(+,U).
We consider two separate cases as follows:

First case. We first consider the case when a is obtained by canonically lifting any
of the basis classes of H?(4,U), indexed by a squarefree positive integer which is
the product of exactly two odd primes, say p and ¢, where p < q. We use canonical
lifting to construct the canonically lifted cycle C, lifting the basis class k,; =
[0,pq, —2] € SKy _2/NSKs, o, of H?(+,U). We write C = Cpo @ C1,—1 ® Ca,_a,
where Co _o = [0,pg, —2], and p < ¢ are odd primes. As explained in the last
section, we compute C by a diagram chase through the double complex SK. We
have

p—1 q—1
0Ce, 2= li/p,a,~2 =Y li/a.p, -
i=1 j=1
Since 6C1,—1 = —0C3, _2, we choose
P ot
Ci1 =Y li/p.e, =11 =D li/a,p,—
i=1 7j=1
Then

(50070 = —8017_1 = XT: ([i/p, 1, —1] _ qi: |:Z/p+ kj, 17 —1:|>

i=1 k=0 a
p—1

5 (oo

Coo=>_ | li/p.1,0] - z_: {Z/Mk,m]

(13)

We therefore choose

i=1
(14) .
_Z j/Qa]-vO Z|:/q+lv]-a0:|
=0 p

From the expression for Cj o, we read off

p—1 g1 g1 p—1
2 2 - 2 2 -
: i/p+k , jla+1
=3 (1= 0[] ) -3 (- 3 [
i=1 k=0 q j=1 1=0 p
Then, by the theory of the double complex, a,, represents a non-trivial element in
the torsion subgroup of U™, and corresponds by construction to kp,. A straight
forward computation gives
q(p—1)2/8p

F(aSCL_l) - m
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Since I'(a)2 = T'(0SC;,—1)sina (as in Theorem [{), we have in this case
q(P—1?/8p

2 _
(15) [(ap,)” = @175

sin ap,.

Example. As an example, we compute the canonically lifted cycle Cis, lifting the
basis class k15 = [0,15, —2] € SK3 _9/NSKs _2. From the formulae above, we have
C = 0070 D 017_1 D 027_2, where

(16) Coo =[1/3,1,0] — [4/15,1,0] — [1/5,1,0] + [2/15,1,0],
(17) Cy_1=[1/3,5,—-1] - [1/5,3,—1] — [2/5,3, 1],
(18) Co_p =[0,15,-2].

From the expression for Cj g, we read off
(19) a5 = [1/3] — [4/15] — [1/5] + [2/15],

Then a;5 represents a non-trivial element in the torsion subgroup of U™, and cor-
responds by construction to k15. We also have

(20) I‘(5115)2 =372/55 6 sinays.

Note that each entry in a;5 is strictly less than 1/2, and that the internal sum of a
is (1/3) — (4/15) — (1/5) + (2/15) = 0, as stated in Proposition Bl

Second case. Next, we consider the case when a is obtained by canonically lifting
any of the basis classes of H?(=+,U), indexed by an odd squarefree positive integer
divisible by at least four odd primes. We want to prove the following;:

Theorem 10. Let C = P,
complex SK, lifting any basis class of H*(+,U) represented by k, = [0,g9,—n] €
SKp,—n/NSK,,,_p,, where g is a squarefree odd positive integer divisible by an even
number of primes. Let Coo = > m;|a;,1,0] and a =3 m;[a;]. Then a represents
the basis class kq. If g is divisible by at least four odd primes, then

[(0SCy 1) =1, hence T'(a)® =sina.

Ci; be a canonically lifted cycle in the double

Proof. We express Ca,_» as a sum of pg-components, where p and ¢ are odd prime
divisors of g with p < ¢. Using Definition @ we write Cy _o = Z(p_q): p<q CQ{”’:I%.

Let C’é{f)_q% = >, ni[bi, pg, —2]. By Proposition [

(21) > nilbi] € H*(+,1).

To avoid having to use diamond braces repeatedly for all our formulae below, with-
out loss of generality, in this proof we assume that for all ¢ the number b;, 0 < b; < 1,
represents the class of b; € Q/Z. Thus for this proof we write (b;) = b;.

Since C' is a canonically lifted cycle, by Proposition H we have 0 < b; < 1/2 for
all i. Therefore, by Proposition 6l

(22) Znibi =0 and Zni =0.

Using canonical lifting, we compute C; _; by a diagram chase through the double
complex SK. We proceed by determining the contribution of each C’Q{f’g to C,—1.
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We have

p—1

802{50:1% = Z <_ni [biv q, _2] + 1

)

|:bi+l/7q’_2:|>
p

-1

+zi: (ni [bi,p, —2] =i Y {bi%’p’_QD '

n=0

(23)

v=0
q

Recall that for canonical lifting we retain terms strictly less than 1/2; to find the
contribution to C1,_1. We let C1,_1(pgq) denote this contribution to C; _1, arising

from C’Q{p_q% . Thus

IS
v |
[

b +
Cra(pg) = 3 [ =i lbrrg, 1] + s [ ”,q,—l]

0
q

(24) Z T
’IT

+ ) | nilbip, =1 =i Y

pn=0

Then from the above we have

NN
" 020 (1/2= (i) /p)
F(@SCL—l(I?Q)) = H qni(1/27bi)

i

(25)
pni(l/Q—bi)

92
2

1
i\ ph 220 (/2= (bi+n)/q)
Summing over v and p in the above expression, we get
ni(p—1)*/8p n;b;(p—1)/2p
q q
F(&SCL—l(p(Z)) = H <pn7:(q—1)2/8q> (pnibi(q—l)/2q>
i
q(Zin)(p—1)*/8p q(Ximibi) (p=1)/2p
~\ pEinae 178 ( P mbi><q1>/2q>

:]_,

since, all the exponents are 0, by equations (ZI) and (22). Clearly C; 1 =
Z(p_q): p<q C1,-1 (pq), where we sum over all the contributions to C,_; arising from

the canonical lifting of each pg-component 02{7’)_(1%, of Cy,_5. Since I'(0SC1,—1) =

2 (pa): p<q L (0SC1,—1(pg)), therefore I'(0SCy,—1) = 1. Clearly then, I'(a)? =
sina. g

Remark. Canonical lifting is also useful in other computations involving the double
complex. For example, in later sections we will often encounter the following prob-
lem: Given a boundary C in SK, construct a chain B such that (0 +6)B = C. In
this situation, canonical lifting provides a natural method for lifting C' to a unique
chain B. Details are as follows:

Assume that C = Cy s ®Ci1 51 P -+ & Cy5-p, is a boundary in SK. Also
for simplicity, assume that no terms of the form [0, g, s — ¢] appear in any of the
Ci s—i- We need to construct a chain B = By 41 ® Bi,s+1 ® -+ @ By s—n+1 such
that (0 + d)B = C. As in our discussion of canonical lifting in Section [§ we
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describe the construction of B inductively. Thus B, s_n+1 is obtained by retaining
all terms in C,, s_,, with corresponding entries strictly less than 1/2. We note that
0Bi—1,s—it+2 + 0Bis—i+1 = Ci_16—i+1. Therefore, having constructed B; s—it1,
we obtain B;_1 s—;+2 by retaining all terms in Cj_1 s—;4+1 — 0B; s—it+1 with entries
strictly less than 1/2. We summarise our observations in the following proposition,
which is similar to Proposition

Proposition 9. Let C = @, C; s—; be a boundary in SK. Assume that no terms
of the form [0,g,s — 1], appear in any of the C;s—;. Then there exists a unique

chain B in SK<2) such that
B= @ Bij, with (0+40)B=C,
i+j=s+1

where SK(<2) is the subcomplez of SK generated by symbols of the form [a, h,i] such
that 0 < (a) < 1/2. We call B the canonically lifted chain lifting the boundary C.

10. THE RATIO sina/sina’

Let a = > m;[a;] € H*(+,U) (a; ¢ Z). Let f be the lem of the denominators
of the (a;). We assume that f is odd for simplicity. From Proposition B we
know that > m; is even. Since each sinw(a;) = ( Qf;‘m — Cop (@)Y /2i, hence
sina € Q(¢2r) = Q({y), since f is odd. Now, let a be as above and let t € (Z/fZ)".
Recall that, by definition, a® = Y m; [ta;]. Our goal is to compute the ratio of
the sine monomials corresponding to a and a. For this we need the following
propositions.

Proposition 10. Let a = . m; [a;] € H?(+,U). Then a forms the bidegree (0,0)
component of a cycle C in SK such that C = ®i+j:0 Cij, Coo = > mjla;, 1,0],
and (0+6)C = 0. Let C* be the cycle obtained from C' by internally multiplying by
t, so that a' is the bidegree (0,0) component of C*. Then C — C* is a boundary in
SK. Let B be the chain in SK such that B =, ;_, Bij, and (0+0)B =C~C".
Let S be the vertical shift operator as defined earlier. Then

[(0S6By o) = T'(0B10)*.

Note that the remark following Theorem [§ shows that C — C! is a boundary in
SK.

Proof. It is enough to show this for any [b,p,0] € B1,9. We have

056 1b,p, 0] = dS(— [b,p, —1] + [-b,p, —1])

= —(1=X,)[b,1,0] + (1 — X,) [=b, 1,0]

Therefore

['(9S5[b, p,0]) = p~ (1/2=0) p1/2=(=(b) — p2(b) -1,
Again,

(3 [b,p,0])* = T'(=(1 = X,) [b,p,0))* = (p~ /27 ®V)? = pO) =1,

This proves the proposition. [l

The following is a direct consequence of the above:
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Proposition 11. Let a = > m;[a;] € H?(&,U). Then a forms the bidegree (0,0)
component of a cycle C in SK such that C = ®i+j=0 Cij, Coo = > mjlas 1,0],
and (0+6)C = 0. Let C* be the cycle obtained from C by internally multiplying by
t, so that a* is the bidegree (0,0) component of C*. Let B be the chain in SK such
that B =, j—, Bij, and (0+0)B = C — C". Let S be the vertical shift operator
as defined earlier. Then

TL(O(S(C — C"))1,0) = T(0B10)*

Proof. Observe that 9S(C — C*') = 9S(0 + §)B = 9SHIB, since S = —S0 and
0? = 0. Therefore T'(O(S(C — C?))1,0) = T'(0S6B; o) = I'(0B1,)?, by Proposition
L0l This proves the proposition. [l

We are now ready for the following theorem:

Theorem 11. Leta =Y m;[a;] € H?(£,U). Let f be the lem of the denominators
of the a;, and let t € (Z/fZ)™. We assume that f is odd for simplicity. Then there
exists b =Y n; [b;] € A such that

sina .
m = (Sln b)2

Furthermore, sinb € Q((y) if Y- n; is even, and sinb € Q(Cay) if Y n; is odd.

Proof. We know that a forms the bidegree (0,0) component of a cycle C' in SK
such that C' = @, ,_¢ Cij» Coo = Y- mila;,1,0], and (9 + 0)C = 0. Let C! be
the cycle obtained from C by internally multiplying by ¢, so that a’ is the bidegree
(0,0) component of C*. Let B be the chain in SK such that B =, ;_, Bi,; and
(0+8)B =C —C" Let S be the vertical shift operator as defined earlier. Since
(0+6)C =0and (0+8)S+ S(@+d) =2, we have (04 0)(C — C*) =2(C — C").
Therefore 2Cy o —2C§ o = 6(S(C' = C*))o,1 +0(S(C —C"))1,0. This gives an identity
for 2a — 2a’ in A. Hence
I'(a)?
[(af)?
Now let Bo1 = > n;[b;,1,1], and write b = > n; [b;]. We have Cpo — C(t),o =
dBo,1 + OB1,0. This gives an identity for a — a’ in A. Hence

sina

(26) =T(9(S(C = C")10)

sinat’

I'(a) .
(27) )~ ['(8B1)sinb
From (Z0), (Z17), and Proposition [Tl above, we have 222 = (sinb)?. For the last

part of the theorem, observe that no term of the form [0, g, —i] can appear in the
boundary C' — C*. By Proposition [3] there exists a unique canonically lifted chain
B in SK such that B = P, ,_, Bij, with (0 +0)B = C. As before, we write
Bo1 = >.n;[bi,1,1] and b = > n; [b;]. Then, by construction, for all ¢ we have
b; Z0 mod Z, and the denominators of the b; divide f. Recall that by definition,
since b; # 0 mod Z, we have sinb = [[,(2sin7(b;))™". The last part of the theorem

is now clear from the fact that sin7(b;) = (Cg;bi) - Q;ff<bi>)/2i. O

Example. To illustrate Theorem [[1] we turn to our example of the canonically
lifted cycle Cjs, lifting the basis class [0, 15, —2], of H?(4+,U). Let t = 7. From



ALGEBRAIC GAMMA MONOMIALS 3577

equation (I6]), we have
C&O =1[1/3,1,0] — [13/15,1,0] — [2/5,1,0] + [14/15,1,0],
Cf_y=[1/3,5,-1]—[2/5,3,-1] — [4/5,3, 1],
C] _,=10,15,-2].
Note that (C'—CT)s,_5 = 0. We want to find a chain B such that B = By 1 ® By,

with (94 8)B =C —C". Since (C—C7);, 1 = —[1/5,3,—1]+ [4/5, 3, —1], we use
canonical lifting to conclude that By o = [1/5,3,0]. Now

§Bo1 = (C —C")p,0 — OBy 0.

A straightforward calculation, using canonical lifting gives By, = [2/15,1,1] —
[1/15,1,1] — [4/15,1,1]. Thus

a=[1/3] — [4/15] - [1/5] + [2/15],
"= [1/3] - [13/15] — [2/5] + [14/15],
b =[2/15] — [1/15] — [4/15],
and we have the identity sina/sina’ = (sin b)?. Explicitly,
<sin(7r/3) sin(27r/15)> <sin(137r/15) sin(27r/5)>
sin(4m/15) sin(7/5) sin(m/3) sin(147/15)

B ( sin(2m/15) >2
~ \ 2sin(7/15) sin(47/15) )

(28)

11. RELATION BETWEEN sina’ AND o, sina

Let o, € Gal(Q(¢2y)). Here, as always, (af stands for the primitive 2f-th root
of unity, and oy : (a5 — Céf. Note that ¢ is an odd integer, relatively prime to
f. We want to find the relationship between sina®’ and o;sina. First note that
sina’ is a positive real number, since each (ta;) lies between 0 and 1. However, for
a € A with sina € Q(y), it is quite possible that o, sina = —sina’. For example,
if a = [1/3] + [1/5], then o7sina = 2sin(77/3)2(sin 7w /5) = —sina’. However, if
a € A is an element of H?(+,U) then we have the following:

Theorem 12. Let a =Y m;[a;] € H*(£,U). Let f be the lem of the (a;) and let
f be odd. Lett be an odd integer relatively prime to f, and let oy : oy — (éf, Then

o¢sina = sin at

Proof. Recall that by definition sina = [];, ,, ,(2sinm(a;))™*. Therefore without
loss of generality we may assume that, for all 4, a; Z 0 mod Z. Write t{(a;) =

[t{ai)] + (tai)) = [#{ai)] + (tas). Then 3 miai) = 3o mi|t(ai)] + domita:) =
S mg|t{ai) | +> ) mi{a;). In the last step we have used the Koblitz-Ogus criterion for
a € H?(+,U). Thus (t—1) > m{a;) = 3. m;[t(a;)]. Since tis odd, Y m;[t{a;)]| =
0 mod 2. The proof follows from the fact that

orsina = H(2 sinwt(a; )" = H(2 sinw([t{a;) | + (ta;)))™
= [J(=DHe sinr(ta;))™ = (—1)=mHed) TT(2sinm(ta;))™
= H(2 sinm(ta;))™ (by above) = sina’.
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Example. To illustrate Theorem[T2], once again we look at our example with Cjs.
We have

sina — sin(7/3) sin(27/15) and  sina’ — sin(7/3) sin(147 /15)
sin(47/15) sin(7/5) sin(137/15) sin(27/5)
Thus
orsina — sin(77/3) sin(147/15) sin(m/3) sin(147/15) _nal

sin(287/15) sin(77/5) (- sin(137/15))(—sin(27/5))

12. THE RATIO (F(a)/l“(at))f

We have seen that I'(a)?/ € Q((;). The same is true for I'(a’)?/. However in
general neither I'(a)? nor I'(a*)/ is in Q((y). Here we want to prove the important

fact that the ratio (I‘(a)/F(at))f always belongs to Q(¢¢). In fact, we have the
following:

Theorem 13. Let a =Y m;[a;] € H*(&,U). Let f be the lem of the {a;) and let
f be odd. Lett be an odd integer relatively prime to f, and let oy : (25 — Céf. Then

(If(;i)))f € Q(¢y).

Proof. Recall that by definition I'(a) = [,. ,, 2o ( T\/?z?)) )m Therefore without
loss of generality we may assume that, for all 4, a; 2 0 mod Z. We know that a
forms the bidegree (0,0) component of a cycle C' in SK such that C = @, ;_, Ci,j»
Co,0 = >.m;la;,1,0] and (0 + §)C = 0. Let C* be the cycle obtained from C' by
internally multiplying by ¢, so that a? is the bidegree (0,0) component of C*. Note
that no term of the form [0, g, —i] appears in the boundary C' — C*. By Proposition
Ol there exists a unique canonically lifted chain B in SK such that B = @), et B; ;
with (0 + 0)B = C. As before, we write By1 = Y. n; [b;,1,1] and b = 3 n; [b;].
Then by construction, for all i, b; #0 mod Z, and the denominators of the b; divide
f. We also write B1,o = >_ € [ci, pi, 0]+ € [c},p}, 0}, where p; =3 mod 4, p; =

mod 4 and ¢;, 69 = +1. We have a — a’ = 6By 1 + 0B1,9. From the Koblitz-Ogus
criterion we know that the internal sum of the left hand side of the above equation
is 0. On the right hand side, the internal sum of 6By 1 is Y n;. Also, the internal

sum of 0B o is
-1
€ pz + Z / p]
Equating internal sums of both 51des we obtaln

Zm+2€¢pi Z /pj =

Since (p; —1)/2=1 mod 2 and (p; —1)/2=0 mod 2, we have

(29) Zni—l—ZeiEO mod 2.

Now

G R (L) ([T s




ALGEBRAIC GAMMA MONOMIALS 3579

so that

<1F((:t))>f . (szi(1/2)) (Hp;_e;u/z)) (sinb)’.

where ¢ is a rational number. Note that each p’-l/ 2

7 € Q(Cr), since pj =1 mod 4.
Also ipy2 € Q(¢y), since p; =3 mod 4. Therefore, if ) ¢; is even, then pr"'(l/m €
Q(¢s). If Y ¢ s odd, then i []p*™? € Q(¢y).

Again, if Y n; is even, then sinb € Q(¢y). If > n; is odd, then isinb € Q(¢y).
By the congruence (29) above, > n; is even if and only if Y ¢; is even. Combining

these observations, we conclude that (F(a)/F(at))f € Q(¢y)- O

Example. Once again, as an example to illustrate Theorem[I3], we look at C15. For
t =7 we have By o = [1/5,3,0]. Also By, = [2/15,1,1] — [1/15,1,1] — [4/15,1, 1.
We conclude that

ra)\" 5-0/2 sin(27/15) o
<F(a7)) B (ZSin(Tr/lS) sin(47r/15)) '
Note that i3'/2 € Q((15). Also

i sin(27/15)
(2 sin(m/15) sin(477/15)> € Q(C15)-

Therefore (T'(a)/T'(a”))"” € Q(¢15).

13. CRITERION FOR AN ELEMENT OF A TO BE IN H?(+,U)

For an element of A to be in H!(#+,U), the Koblitz-Ogus criterion requires
internal sums to be invariant under the action of (Z/fZ)*. Here we prove a similar,
necessary criterion for an element of A to be in H' (4=, U). This criterion will prove to
be useful for our results on double coverings in the following section. Our criterion
requires that the corresponding sine monomial be invariant under the action of
(Z/fZ)*. First we prove a general result about elements in H*(+,U).

Proposition 12. Let b= m;[b;] € H'(£,U). Then, for all i, b; #0 mod Z.

Proof. This holds since there exists a cycle C' in SK such that C' = @iﬂ‘:l Cij,
Coa1=>_ m;[b;,1,1], and (0+6)C = 0. If [0, 1, 1] appears in Cp 1, then 6 [0,1, 1] =
210,1,0]. But for any [a,p,0] in C4 9, O [a,p, 0] does not contain terms of the form
[0,1,0]. Thus C would fail to be a cycle. O

We want to prove the following necessary criterion for an element of A to be in
H'(+,0):

Theorem 14. Letb = > m; [b;] € H'(£,U). Let d be the lcm of the denominators
of the b;. We assume d is odd for simplicity. Then, for all t € (Z/dZ)*, we have

sinb = sinb’ = w.
That is, [[(2sin7(b;))™ = [[(2sin7(th;))™ = w, where w is independent of t.
Furthermore we have the following cases:
First case: When b represents any of the canonical basis classes of H'(+,U),
indezed by a single odd prime, then w = /q, where q € Q.
Second case: Here let b represent any of the canonical basis classes of H*(+,U),
indezed by an odd squarefree positive integer divisible by at least three primes. Let C
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be a cycle in SK such that C =, ;_, Cij, Coa = > m;[b;,1,1], and (9+6)C = 0.
Assume that no term of the form [0,p,0] appears in Cy 9. Then w = 1.

Proof. Note that by Proposition[I2], b; 20 mod Z.

First Case: In this case, there is a cycle C' in SK such that C = @iﬂ‘:l Cijs
Coy1 = > m;[b;,1,1], and (0 + §)C = 0. Let C1o = >.n;[0,p;,0]. Note that
Cii—i =0 for i > 2. Let C* be the cycle obtained from C' by internal multiplica-
tion by t. Then Cf; = Y m; [th;,1,0] and C} = C1,0. Therefore T'(—0Cf ) =
[(—=0C10) =[1(/pi)"". Again, 6C = —0C (smce C' is a cycle); hence I'(6C§ ;) =

T(3Co.1) = [T (vB))".
But

T'(6Co 1) (Z mi([bi, 1, 0] + [—bi,l,O])) = [ (@sin(b:))™.

Similarly

T(0C§ ) =T (3 mal[thi, 1,0] + [~tb;,1,0]) ) = [ (@sinebi))™
Writing [[p;™ = q € Q, we get

[[@sinm(p:)™ = [[(@sinm ()™ = w,

where w = ,/q, is a constant.

Second Case: Now assume that b lifts canonical basis classes indexed by odd
squarefree positive integers divisible by at least three primes. By hypothesis, C1
consists of terms of the form [a,p,0], where a # 0 mod Z. We express C1 as a
sum of its p-components as C ¢ = Zp 01{,1())}~ Let C1{,%} =Y, n;la;,p,0]. Then by
Proposition [1 Y, n; [a;] € H?(+,U). Since a; # 0 mod Z, by Proposition 3] we
have Y n; = 2> n;(a;). Therefore F(—@Cl{%}) = pxni(1/2={ai)) = p0 — 1. Hence
D(~0C10) = [[,T(-0C{)) = 1. Again, Cty = 3, (CIB), where (C)) =
>, ng [tag,p,0]. But Y, n; [ta;] € H?(4,U). (This is obvious from the Koblitz-Ogus
criterion, since Y n;(ta;) = > ni{(a;).) Also note that ta; # 0 mod Z. Hence (as
above) we have I'(—JCf ) = 1. Using I'9Cy,; = —I'0C} o and I'6C§ ; = —T'0C"*1 o,
we get [[(2sinm(b;))™ = [[(2sinn(tb;))™ = 1. O

14. SOME CONSEQUENCES OF THEOREM [14]

In this section we derive some important properties of elements of A which belong
to H'(+,U). These are direct consequences of the criterion described in Theorem
[[4l The results described here, will be extremely useful for our discussion of double
coverings in the following section. First we have the following:

Proposition 13. Let b =Y m;[b;] € H'(+,U). Assume that b represents any of
the canonical basis classes of H'(£,U), indexed by odd squarefree positive integers
divisible by at least three odd primes. Let C be a cycle in SK such that C =
D, j=1 Cij, Coq =2 milb;,1,1], and (0 +6)C = 0. Assume that no term of the
form [0,p,0] appears in Cy . Let d be the lem of the denominators of the b;, and
let d be odd. Then

Zmi =0 mod 2.
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Proof. Note that by Proposition I2, b; # 0 mod Z. By hypothesis, C; ¢ consists
of terms of the form [a, p, 0], where @ # 0 mod Z. We express C ¢ as a sum of its

p-components as C g = Zp C’l{%}. Let C’l{%} = >, nila;,p,0]. By Proposition [
>-inila;] € H*(£,U). Since a; 0 mod Z, by Proposition[3 we have

(31) Zni =0 mod 2.
Now 6Cp,1 = —0Ch,0. Therefore

(32) internal sum of 6Cy 1 = Z m; = internal sum of — 9C1 .

But internal sum of — 801{%} =Y, = 243 n) = 0 mod 2, by BI).
Therefore —0C1,0 = >_, —5‘6’1{%} = 0 mod 2. Hence by 32), > m; = 0 mod 2.

O

The following proposition, is a direct consequence of the criterion for elements
in H'(+,U), given by Theorem [Tl

Proposition 14. Let b =Y m;[b;] € H'(+,U). Assume that b represents any of
the canonical basis classes of H'(+,U), indexed by odd squarefree positive integers
divisible by at least three odd primes. Let C be a cycle in SK such that C =
D=1 Cij, Coq =3 m;[bi,1,1], and (0 +6)C = 0. Assume that no term of the
form [0, p,0] appears in Ci,9. Let d be the lem of the denominators of the b;, and
let d be odd. Let t be an odd integer relatively prime to d, and let ot : (aq — (k.
Then

sinb € Q(¢4), and oysinb =sinb =sinb’ = 1.

Proof. Note that, by Proposition I2] b; # 0 mod Z. By Proposition I3 > m; is
even. Hence sinb € Q({4). But from Theorem [[4] since b represents a canonical
basis class indexed by at least three odd primes, we have sinb = sinb? = 1. The
proof of the proposition is now obvious. O

Proposition 15. Let b =Y m;[b;] € H'(%,U). Assume that b represents any of
the canonical basis classes of H'(£,U), indexed by odd squarefree positive integers
divisible by at least three odd primes. Let C be a cycle in SK such that C =
D11 Cij, Coq =3 milbi,1,1], and (0 +6)C = 0. Assume that no term of the
form [0,p,0] appears in Cy . Let d be the lem of the denominators of the b;, and
let d be odd. Lett be an odd integer relatively prime to d. Then

A mi((th;) — (b;)) =0 mod 2.
Proof. Note that by Proposition[I2] b; # 0 mod Z. We have
orsinb =1 by Proposition [4]
= [[@sinmt(b:))™ = [[(@sina([t(b:)] + (tb;))™
= (=1)Z Ml gin bt = (—1)X= il by Proposition [

Therefore Y m;[t{b;) | = > m;(t(b;) — (tb;)) = 0 mod 2. So d>_ m;({th;) — (b))
=d(t—1)> m;(b;) mod2. The proposition follows, since t is odd. O

Propositions [T3] and [[4] provides useful information about the ratio

I(a)* /(sina)’,
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when a represents any of the canonical basis classes of H?(4,U), indexed by odd
squarefree positive integers divisible by at least four primes. Recall that, without
any assumption on the basis classes, Theorem[f states that this ratio is the square
root of a rational number. We are now ready to prove the following generalisation
of Theorem [6] and Theorem [I(}

Theorem 15. Let a =Y m; [a;] € H*(£,U) (a; ¢ Z), and let f be the lem of the
denominators of the {a;) and let f be odd. Then the following are true:

(A) ['(a)?f = \/r(sina)/, wherer € Q.

(This is true even without the assumption that f is odd.)

(B) Let a represent any of the basis classes of H?(=+,U), indexed by odd squarefree
positive integers divisible by at least four primes. Let C be a cycle in SK such that
C =@, = Cij, Coo =2 m;la;,1,0], and (0 +6)C = 0. Assume that no term
of the form [0,pq, 0] appears in Co,_o. Then

['(a)? = s(sina)’, where s € Q.

(C) Let t be an odd integer relatively prime to f. If a forms the bidegree
(0,0) component of a cycle obtained by canonically lifting any of the basis classes
of H?(£,U), indexed by odd squarefree positive integers divisible by at least four
primes, then

I(a)* = (sina)! and T(a")* =w?(sina’)/, wherew € Q.
Proof. (A) This is a restatement of Theorem
(B) We express C1,—1 as a sum of its p-components, C1,_1 = >_ Ci{,p_}l. Let
Cl{f},}l = >, n;[bi,p,—1]. Then, by Proposition B >, n;[b;] € H'(+,U). By
hypothesis, Y, n; [b;] represents canonical basis classes of H'(+,U), indexed by
odd squarefree positive integers divisible by at least three odd primes. Also the
hypothesis, of Proposition [[3]is satisfied, since C5,_5 does not contain terms of the
form [0, pg, —2]. Hence, from Proposition[I3} >, n; =0 mod 2. Now
N(a)2 = (N(95C1,-1))! (sina)! = [[(T(@5C{))! (sina)’,
I3

(F@SCl{,”_}l))f = pf Zini(1/2=00) — pe®) gay

Since ), n; is even, therefore e(p) is an integer. The result follows from the fact
that T'(a)?f = []p¢® (sina)’.

(C) We use the same notation as in the proof of (B), and assume that C' is a
canonically lifted cycle. We then have

P(a)2 = (D(08C1,-1)) (sina)’ = [[(T(@SC ) (sina)’,
p
I'(a")?/ = (F(@SCifl))f(sinat)f = H(F(@S(Ci{ﬁl)t))f(sinat)f.
P
Furthermore,
(@SC{))T =pf =2 0D sina)?,
(D@S(C{)))! = p B /2D sinat)].
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Since C' is assumed to be a canonically lifted cycle, by Theorem [0 we have

(F(E)SCL,l))f = 1. Now
TOSC )Y pf Zam/2=(b0)
(L@S(C{F)))f  pf2emi/2m )

On the other hand, from Proposition[®, b = >, n; [b;] € H'(£,U). Also, since C
is a canonically lifted cycle, Cy _o does not contain elements of the form [0, pg, —2].
Hence the hypothesis of Proposition [[3 holds. Therefore

= pf emalhd=00) = pr®)  gay

Z ni((th;) — (b)) =0 mod 2.
Now,
T (<é§§fcc :f =1
Therefore
0 (85(01 = H @)
Since r(p) is even, (D(9S(C1._1)!))! = w?, where w € Q. This proves (C). O

15. DOUBLE COVERINGS

Definition 10. Given a Galois extension K/ F', we define a double covering of K/F
to be an extension K /K of degree < 2 such that K/F' is Galois.

Let a =Y m;[a;] € H?>(£,U), let f be the lem of the denominators of the (a;),

and let f be odd. Then, by Theorems [Tl and [ for all ¢ € Gal(Q/Q) we have
m/s% = +sinb, where sinb € Q((4y). Hence, Q(C4y, vsina) is a Galois extension
of @, and so, by Definition [0, each a € H?(+,U) gives rise to a double covering
of Q(¢ar)/Q by Q(Cay, Vsina). We want to prove the following theorem, due to

Deligne:
Theorem 16. Leta =Y m;[a;] € H*(+,U), let f be the lem of the denominators
of the {a;), and let f be odd. Then, for all o € Gal(Q/Q),

I'(a)
T(a) © Q(¢r)-

Thus a gives rise to a double covering of Q((r)/Q by Q((y, I‘(a)f),

Remark. Theorem [ was proved by Deligne in [3], using the theory of absolute
Hodge cycles. The double complex provides a more constructive and relatively
elementary proof.

Notation. Let a = Y m; [a;] € H?(%,U), let f be the lem of the denominators of
the (a;), and let f be odd. Let C' be a cycle in SK such that C' = P, ;_, Ci;,
Coo =Y m;la;,1,0] and (0 + §)C = 0. Furthermore let Cy 1 = >_ €; [bi, ps, —1].
To simplify notation we write

=T(0S8C1,—1) = Hp?(l/z%bi))’
=T(0SC" 1) = Hp:i(l/Q*(tbﬁ).
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With this notation we have I'(a)? = vsina and I'(a’)? = v;sina’. Note that
v? | 02 and (v%)f are rational numbers.
To prove Theorem [T, we first make the following reduction:

Theorem 17. Leta =Y m;[a;] € H*(4,U), let f be the lem of the denominators
of the {a;), and let f be odd. Let o € Gal(Q/Q), and let o4 be the restriction of o
to Q({y), where, as usual, o¢: (f +— C;, Then

(@) (w1
(5 ) € @) & (2 < i)

Remark. Note that Theorem [T provides a criterion for the verification of Theorem
L0l

Proof. As in earlier proofs, we may assume that for all ¢, a; Z 0 mod Z. From
Theorem [[3] (see [B0)) we know that

(rréjt)))f - ( ; )m (sinb)! € Q(¢y),

Ut

where b =Y n;b;, b; 0 mod Z, and the denominators of the b; divide f. There-
fore Theorem [T3 can be restated as

o\ /2
(—) € Q) & sinb € Q).

(33) .

fr2
Z<—> EQ({f)@iSianQ(gf).

Ut

On the other hand, we also have

(R ) o ()™

T /2
(34) Y S,lﬁ by Theorem [12]
ovl \sina’
vl
= 41/ —=(sinb)/ by Theorem [T}
ovf
Furthermore, v/ /ovf = 41, since v/ is the square root of a rational number.
Therefore proving that (I'(a)/oT(a))’ € Q(¢), is equivalent to proving that
of
— =1<sinb € Q((y),
ovf
(35) o
v
— =—-1<%isinb e .
e isin Q(¢y)

f
Clearly, (33) and (35) imply (%) € Q(¢y) if and only if the following is true:

12
LASPR (3) € Q)

ovf Vg

172
e <3> € Q(¢y)-

ovf Vg



ALGEBRAIC GAMMA MONOMIALS 3585

Therefore to complete the proof of Theorem [I7] we need to show that

(2 <ot (55) <o
We consider two possible cases:

First case: First let v/ /ov/ = 1. Then (F(a)/aI‘(a))f = +(sinb)/. Hence in
this case

T'(a) \’ . I'(a)
b
(i) e @ sb e« (o12) e e,
since up to sign (I'(a)/oT'(a)) is the product of a primitive f-th root of unity and
sinb.
Second Case: Now let v/ Jov/ = —1. Then (I'(a)/oT(a))’ = +i(sinb)’. Hence
in this case

I'(a) \’ . I'(a)
(i) €@ = isinb () & (S ) € @)
since, up to sign, (I'(a)/oI'(a)) is the product of a primitive f-th root of unity and
isinb. This proves the theorem. O

We need one further reduction for the proof of Theorem [T6

Proposition 16. Let k, € SK; _;/NSK; _; be a canonical basis class of H?(+,U),
indexed by a squarefree odd positive integer g divisible by i primes, where i is even.
Let C and C' be two different cycles lifting kqy—that is, C and C" both represent the
same canonical basis class of H*(+,U). Let a and a’ be obtained from the bidegree
(0,0) components of C' and C' respectively, and let a = > m;a; and &' = > m;al.
Let f be the lem of the denominators of the a; and a}, and assume that f is odd.

Then /
<Ul}(?;)> € Q) & <JFF(S))) € Q(¢p)-

Proof. There exists a canonically lifted chain B in SK such that (0 +6)B = C —
C’. As before, it follows that (I'(a)/T'(a’))’ = /r(sinb)/, where r is a rational
number, and b is identified with By 1. If b = )" n; [b;], then sinb = [[(2sinm(b;))™.
Since B is a canonically lifted chain, therefore b; Z 0 mod Z, and the lem of the
denominators of the b; divide f. We have

<2ff<bi> _ C2f—f(b7:>
2i '
If 0 € Gal(Q/Q) extends oy € Gal(Q({27)/Q), then

sinm(b;) _ oi Cgfﬂb") —§2f7f<b"> _ . sin 7 (b;) c Q)
osinm(b) i Cthf“?i) _sz—tf(bf) - sin(th;) 7
Therefore sinb/osinb € Q((s). Also /r/o+/r = £1. Thus
V/r(sinb)?
o(y/r(sinb)/)

() (Tar) <00

sinmw(b;) =

€ Q(¢y).

Therefore
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so that

() €2 = (Tt <2
|

Proof of Theorem First Case. To prove Theorem [T we first consider the case
when a represents any of the canonical basis classes of H?(4,U), indexed by a
squarefree positive integer which is the product of exactly two odd primes, say p
and ¢, where p < g. Our proof in this case involves Gauss’ lemma from quadratic
reciprocity. We know that a forms the bidegree (0,0) component of a cycle C' in
SK. We write C' = Cp o @ C1,—1 ® C2 o, where Cy _5 = [0, pg, —2], and p < ¢ are
odd primes. By Proposition [If] there is no loss of generality in assuming that C' is
a canonically lifted cycle. From our discussion of canonical lifting, we know that

p—1
2

Ci—1=Y_[i/p,q,—1 EZJMP, ,
i=1

(p—1)%/8p
1/2—i/ -(1/2-5/9) _ 4
L(05C1,—1) = Hq szp o pa—1?/8q"

Now if 0 € Gal(Q/Q) extends o € Gal( (Qgpq)/(@) then from elementary number

theory we know that -2 m)f = (t/q)= (t/p) =, where f = pq and (t/p) and (t/q) are
the Legendre symbols of ¢ with respect to p and ¢ respectively. Since ”2—1 is even
(respectively odd) if p is congruent to 1 (respectively 3) mod 4, we conclude from

the above discussion that

v
=1 if p=¢q=1 mod4, or
ovf
(36) if p=¢=3 mod4 with (t/p)(t/q) =1, or
if p=1,¢g=3 mod4, with (¢/p)=1, or
if p=3,¢g=1 mod4, with (t/q) =1,
and
v
— =1 if p=¢gq=3 mod4 with (¢t/p)(t/q)=—-1, or
ov
(37) if p=1,¢g=3 mod4, with (¢t/p)=-1, or
if p=3,¢g=1 mod4, with (t/q)=-1

Now, to prove Theorem [I6 we need to verify the equivalent criterion provided by
Theorem 7} For this we need to compute (v/v;)//2. We have

(C - Ct)l,fl - Z([Z/paQ7 _1] - [tl/pa(b _1])
(38)

Jj=1
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Hence,

N P22 e Bhila= (i)

(39)

Ut

p—1
(v )f 2 2N i/ ti/p)

Finally, we need the following proposition to complete our proof of Theorem
Notice that this proposition is a direct consequence of Gauss’ lemma from quadratic
reciprocity. O

Proposition 17. Let p be an odd prime and let t be an integer relatively prime to
p. Then

p—1

pY (i/p—(ti/p)) =0 mod 2, if (t/p)=1,
i=1
=1 mod2, i (t/p)=-1.
Proof. We write it/p = |it/p| + (it/p), where i = 1,...,”—;1. We also let @ =
p—1
3.2 lit/p] and p(it/p) = r;. Among the integers in the set {rq,.. .,r%}, let

Tiy,---,7i, be the ones that are greater than p—;l. Then Gauss’ lemma states
that (¢/p) = (=1)*. With Q as above, it is straightforward to show that p =
p2—1

(t — 1)”2‘7_1 +@Q mod 2. Hence (t/p) = (—1)=D"s +Q_ Therefore, from Gauss’s
lemma,

p’-1
Q=n—(t-1) 5 where n is even if (¢/p) =1,

and n is odd if (¢t/p) = —1.

(40)

Therefore, from the above we have

p—1 p—1

) 2 2
. . . . . pe—1
pY (ifp—{ti/p)) = Y (i — (it = plit/p])) = ~(t = 1) g e
i=1 i=1
2 2
pr—1 pr—1
= (-1 pln— (- NP by @)
2
-1

— —p+1t-1)E 4
But p+ 1 is even, and by (@0) n is even (respectively odd) if (£/p) = 1 (respectively
—1). This proves the proposition. O

Proof of Theorem First Case (continued). It follows directly from (30), (1),
(B9), and Proposition[Iq that

f 172
! l1& <3> € Q(¢r),

ool Uy

f f/2

v v
— =—leil— € .
O"Uf ! (’Ut> Q(Cf)

This proves that the equivalent criterion of Theorem [[7 holds, and hence proves
Theorem [ in this case (when a lifts canonical basis classes indexed by two distinct
odd primes). O
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Proof of Theorem [1f, Second Case. We now turn to the case when a represents any
of the canonical basis classes indexed by four or more distinct odd primes. Here,
our proof is an easy consequence of Theorem

By Proposition [[6 without loss of generality, we may assume that C' is a canoni-
cally lifted cycle. From Theorem[IQ, v = 1, and I'(a)? = sina. From Theorem [[5lwe
conclude that (v/v;)/? = (1/v;)//? € Q. Also since v = 1, therefore vf /ovf = 1.
This shows that the equivalent criterion of Theorem [I7] holds, and hence proves
Theorem [Id in this case (when a lifts canonical basis classes indexed by at least
four distinct odd primes). O

Let a = Y m;[a;] € H?(+,U), let f be the lem of the denominators of the
(a;), and let f be odd. At the beginning of this section, we observed that each
a € H?(+,U) gives rise to a double covering of Q((4r)/Q by Q(Caf, Vsina). Using
Theorem [[6] we can now prove the following stronger result:

Theorem 18. Let a =Y m;[a;] € H?(£,U), let f be the lem of the denominators
of the {(a;), and let f be odd. Then the following are true:

(A) Let a represent any of the basis classes of H?(4,U), indeved by odd square-
free positive integers divisible by exactly two primes. Then, for all o € Gal(Q/Q),

vsina

€ Q(Cay)-

Thus, in this case a gives rise to a double covering of Q(Car)/Q by Q(Cay, Vsina).

(B) Let a represents any of the basis classes of H?(+,U), indexed by odd square-
free positive integers divisible by at least four primes. Let C be a cycle in SK such
that C = @, -, Ci,j, Coo = >_mila;,1,0] and (9 +6)C = 0. Assume that no
term of the form [0, pq,0] appears in Ca _o. Then, for all 0 € Gal(Q/Q),

vsina
ovsina

Thus, in this case a gives rise to a double covering of Q((r)/Q by Q({s, Vsina).

€ Q(¢r)-

Proof. As earlier, we may assume that a; Z0 mod Z.
(A) This is a consequence of Theorems [I1] and [[Z] as observed earlier. We
provide another proof, using Theorem From Theorem [I5] in this case we have

(F(a) ) _w( \/;)Wf Vsina
ol'(a) o\/r oVsina )’
where w is a primitive 2 f-th root of unity, and r € Q. By Theorem[Ig, I'(a)/oT'(a) €

Q(¢y). Also, since \/r/oy/r = %1, therefore (\/F/U\/F)l/Qf € Q(Cay). This proves
(A).
(B) From Theorem [I5] in this case we have I'(a)?f = s(sina)f, where s € Q.

Therefore .
<arr(2>> - (fx/%) ’

where w is a primitive 2f-th root of unity. The proof of (B) now follows from
Theorem ([l




ALGEBRAIC GAMMA MONOMIALS 3589

16. THE GALOIS GROUP OF THE EXTENSION Q((f,I'(a)7)/Q

Here we want to examine the Galois group of the extension Q((r,I'(a)’)/Q.
Our results, once again, depend on the basis classes of H?(+,U), represented by
the element a € H?(4,U). When a represents a basis class of H2(4,U), indexed
by two odd primes, we will demonstrate by an example that the Galois group in
question can be non-abelian. However, if a represents any of the canonical basis
classes of H?(+,U), indexed by an odd squarefree positive integer divisible by at
least four primes, then this Galois group is abelian. Our proof requires the following
result of Deligne [3]:

Theorem 19. Let a = Y m;[a;] € H*(&,U), and assume that Y m;(a;) is an

integer. Define X
['(a) = BriyS e IT @a)™.

7 (Lifo
Let o,7 € Gal(Q/Q), and let o; be the restriction of o to Q((y). Then

(F@ ) _ f@)
7T (a) T (at)’

Proof. For a proof, we refer to [3], Theorem 7.18(b), page 95. O

Remark. Note that the definition of the gamma monomial T'(a) in Deligne’s theorem
differs from our definition of I'(a). However, if the lcm of the denominators of the
a; is odd, then this distinction is of no consequence. In fact we have the following:

Theorem 20. Leta =) m;[a;] € H*(£,U). Let f be the lem of the denominators
of the (a;), and assume that f is odd. Let o,7 € Gal(Q/Q), and let oy be the
restriction of o to Q((r). Then

o () ~ e

Proof. As before, we may assume that a; 20 mod Z. Let w = > m;{a;). Directly
from the definitions, and using > m;(a;) = > m;(ta;), we have
zmy

2

(2m)
(271—)2 m;(a;) (Z)Z m(a;)’

I'(a)'(a) =

By Proposition B Y m;(a;) = E2m’ Therefore

~ 1
(41) I'(a)l'(a) = el
Since f is odd, we get from Proposition B > m; = 0 mod 2, and hence w is an
integer. Using (&1l), we have from Theorem [[9]

7 ((qfﬂ)) y <Fr(?a)>> - <<2>> Trr(it))'

But since w is an integer, therefore ¢ /7(i") = £1. Therefore

This proves the theorem. O
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First, we use Theorem 21 to discuss the case when Q((s,I'(a)’)/Q is an abelian
extension. We have the following:

Theorem 21. Leta =Y m;[a;] € H*(£,U), let f be the lem of the denominators
of the {(a;), and let f be odd. Assume that a represents any of the canonical basis
classes of H?(+,U), indezed by odd squarefree positive integers divisible by at least
four primes. Then Q((s,T'(a)?) is an abelian extension of Q.

To prove Theorem 2], we need the following reduction:

Proposition 18. Let k, € SK; _;/NSK; _; be a canonical basis class of H*(+,U),
indezed by a squarefree odd positive integer g divisible by i primes, where i is even.
Let C and C' be two different cycles lifting ky—that is, C and C' both represent the
same canonical basis class of H?(+,U). Let a and a’ be obtained from the bidegree
(0,0) components of C and C' respectively, and let a = > mja;, ' = Y m,al.
Let f be the lem of the denominators of the a; and aj, and assume that f is odd.
Then Q(Cr,T(a)?)/Q is an abelian extension if and only if the same is true for the

extension Q(¢r,T'(@’))/Q.
Proof. There exists a canonically lifted chain B in SK such that (0+9§)B = C—C".

As before, it follows that
I'(a) ! .
() -
where r is a rational number and b is identified with By ;. Note that Jro=
['(0B1,)!. Clearly \/r(sinb) € Q(¢4y). Therefore I'(a)! = nI'(a’)’, where, n €
Q(Cas). Let 0,7 € Gal(Q/Q). Since o7(n) = 70(n), therefore o7T'(a)! = 7ol'(a)’
if and only if o7T'(a’)/ = 7ol'(a’)f. This proves the proposition. O

Proof of Theorem [21l Let 0,7 € Gal(Q/Q), and let oy be the restriction of o to
Q(¢y). By Proposition [I8 without loss of generality we may assume that a forms
the bidegree (0,0) component of a canonically lifted cycle. Since a is obtained
by canonically lifting a basis class indexed by an odd squarefree positive integer
divisible by at least four primes, by Theorem [[5 we have I'(a)2/ = (sina)/ and
I'(a’)?f = r2(sina’)/, where r € Q. We therefore have

D(at)2f
T (@) = (o sina)’ = (sina')/ = (by Thmn. )~
Hence,
I'(at)f
(42) oT(a)f = ¢ (") | where e = 1.
T

Now from Theorem
ol(a)f  T(a")!

orl'(a)f — 7D(at)f’
Substituting from [@2), we get
@)  T@E)Y  T@EY

rorl(a)f — T(erol(a)f  errol(a)f’
Since €2 = 1, we have o7I'(a)/ = 7oI'(a)’. This proves Theorem 211 O
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Remark. We know from Theorem [MH that T'(a)f = s!/2(sin a)%\/sin a, where
s € Q. Hence, it follows from Theorem 21l that, for all 0,7 € Gal(Q/Q),

orVsina = ToVsin a.

By Theorem I8, Q(({s,Vsina) is a Galois extension of Q. Therefore Theorem 1]
implies the following:

Theorem 22. Leta =Y m;[a;] € H*(£,U), let f be the lem of the denominators
of the {a;), and let f be odd. Assume that a represents any of the canonical basis
classes of H*(+,U), indezed by odd squarefree positive integers divisible by at least
four primes. Then Q(C¢, Vsina) is an abelian extension of Q. Therefore v/sina €

Q(¢eo)-

Proof. The first part follows from the remark above. The last assertion is a conse-
quence of the Kronecker-Weber theorem. |

Example of a non-abelian Galois extension. From Theorem [8 we know
that if a represents any of the basis classes of H?(+,U), indexed by odd square-
free positive integers divisible by exactly two primes, then Q((sf,Vsina) is a
Galois extension of Q. We want to show by an example that in this case the
Galois group of the extension Q({4f,Vsina)/Q is in general non-abelian. We
turn once again to our example of the canonically lifted cycle Cis, lifting the
basis class k15 = [0,15,—2] € SKa,_2/NSKy _o of H?(+,U). From Section [ we
have a;5 = [1/3] — [4/15] — [1/5] 4+ [2/15], representing the basis class [0, 15, —2]
of H?(£,U), and I'(a;5)? = 372/55Y6sina;s. To compute the Galois group of
Q(¢e0, Vsina) over Q, we use the following observation, which we state without
proof:

Proposition 19. Let k C K be a Galois extension, and let w € K,u # 0, be
such that K (\/u)/k is Galois. Assume that Vo € Gal(K/k), 2= e (K*)?. Write
G = Gal(K/k) and G = Gal(K(\/u)/k). Let Gal(K(\/u)/K) = {1,€¢}, where
ey/u = —/u. For all o0 € G, choose v, € K* such that u = v(ou). For all
o € G, define a lifting 5 € G by v,6/u = J/u. Finally, for all 0,7 € G, define
i(o,7) € {0,1} by (—=1)">7) = v,(0v,)/Vor. Then G = {5¢': 0 € G,j = 0,1},
where the multiplication in G is given by o1 = 7€ (o7

For our example we substitute &k = Q, K = Q((g0), and u = sina. Recall that,
by Theorems [T, and 12 for all oy € Gal(Q((e0)/Q),

U sina . a9
Ut—u = (sinb)“,
where sinb € Q({e0). Thus the hypothesis of Proposition [[9 is satisfied. We
have Gal(Q({e0)/Q) ~ Zo X Zo x Z4. We choose the generators os7 (of order
4), and 031,041 (both of order 2) for Gal(Q({e0)/Q). Then, from Proposition
M@ Gal(Q(Cso, Vsina)/Q) is generated by {631,37,041,031€, Tg7€,041€}, where
e € Gal(Q(¢s0, Vsina)/Q(le0)), so that ev/sina = —sina. To determine the group
multiplication in Gal(Q((eo, Vsina)/Q), we need to compute {i(cs,0¢): s,t =
31,37,41}. For this we first need vgy, , Voy;, and ve,,. We note that v2, = SSIIDL:, We
proceed exactly as in the example following Theorem [[2] and use canonical lifting
to find chains B, B’ and B” such that

@+8)B=C-C% (04+6)B=C-C%, (0+06)B"'=C-C".
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Identifying b, b’, and b” € A, with Bo1, Bj,, and Bp,, respectively, we have
Vo, = Sinb, vy, =sinb’, v,,, = sinb”. With these computations we finally get
sin(27/15) 1
Vog7 = N N 5 Voy1 = N - .
3 2sin(w/15) sin(47/15) * 4sin(4w/15) sin(77/15)

Vo, = 1,

Now, using the definition of i(os, 0¢), we obtain

i(o31,031) =0, i(o31,037) =0, i(o31,041) =0,
i(o37,031) =0, i(o37,037) = 1, i(o37,041) =0,
i(041,031) =0, i(o41,037) =1, i(oa1,041) = 1.

Using the definition of group multiplication in Gal(Q((s0, V'sina)/Q), we determine
the generators and relations. Thus

Gal(Q(s0, Vsina)/Q) = ({F31,F37, Ga1, G31€, T37€, Far€}),
where € € Gal(Q((p0, v'sina)/Q((e0)) such that ev/sina = —v/sina. The generators

described above satisfy the relations

2 =2 a4 a4
€ =03 =037 =04 = 1,

~—1~—1~ =~ ~—1~—1~ =~ ~—1~—1~ =~
031 037 031037 = 031 049 031041 = 1, 037 041 037041 = €.

Observe that the final relation listed above shows that Gal(Q((so, Vsina)/Q) is
non-abelian.

17. CONCLUSION

We conclude our discussions by indicating some possible directions for further
research.

Unit index formula. From Theorem [22] we know that if a represents any of the
canonical basis classes of H?(+,U), indexed by odd squarefree positive integers
divisible by at least four primes, then vsina € Q({s). The Vsina may very well
be a new supply of abelian units. Given a as above, it is important to determine
the smallest cyclotomic extension of @ which contains the unit v/sina. We want
to investigate the relevance of these units to the unit index formula for cyclotomic
fields. For relevant results on cyclotomic units, we recommend the texts by Wash-
ington [9] and by Lang [7]. Let Q(¢,)™ be the maximal real subfield of Q(¢,), and
let E;F be the unit group of Q(¢,)". Furthermore let C;" be the cyclotomic units
of Q(¢n)T, and let k) be the class number of Q(¢,)*. Sinnott [8] has computed
the index for the group of cyclotomic units of Q(¢,)™ in the full group of units E;'.
Sinnott’s unit index formula gives

(43) (Ef: CF] =2°Rt,

where g = number of prime factors of n, b= 0if g = 1, and b = 2972 + 1 — g if
g > 2. There has been much interest in finding an improved version of the unit
index formula ([@3]) that does not involve the “parasitic factors” of 2. Perhaps it is
possible to enlarge the group of cyclotomic units C;I by adjoining the real units of
the form +/sin a, and kill the factors of 2 in formula ([@3]). As mentioned earlier, the
first step in this direction is to determine the smallest cyclotomic extension of Q
which contains the unit v/sin a.
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Computing the Galois groups of Q((y, vsina/Q). In Section 6 we outlined
a procedure for computing the Galois group of the extension Q((y,vsina) over
Q. We hope to be able to provide a complete description of the Galois groups in
question.

The case when 2 | f. Here, for simplicity, we restrict ourselvestoa = > m;{a;) €
H?(+,U) for which f is odd, where f is the lem of the denominators of the (a;).We
believe that most of our results can be generalised to the case when 2 | f. This can
be achieved by fine tuning our methods and making appropriate use of the dupli-
cation formula for gamma functions. For example, by using a method analogous to
canonical lifting, we can lift the basis class

k2p = [0, 2p, —2] -+ [1/2, 2p, —2] S SKQ’,Q/NSKQ’,Q,

of H%(4,U), and read off ay, from the (0,0) component of the lifted cycle. In this

case we can show that
) 1/4
I'(ag,)’ = oD sin agp.

In particular, for p = 3 we have ag = [1/4] — [1/3] — [5/12], and therefore

1 (T(1/3)0(5/12)\*  3!/4 sin(m/4)
%< r(1/4) ) T 212 (QSin(w/s)sm(m/m))'

Sufficient criterion for H'. It should be possible to show that our (necessary)
criterion for an element of A to be in H'(+,U) is also sufficient. The proof should
be quite similar to the proof of the Koblitz-Ogus criterion [4], which uses values of
the L-function at s = 0. Here too, we need to treat the case when 2 | f separately.

Elliptic and modular generalisations. Elliptic and modular generalisations of
our methods need to be investigated. Of particular interest is to determine if an
analogous theory of double coverings provides a method for generating elliptic and
modular units.
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